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THEORY оғ MATRICES OVER ANY DIVISION ALGEBRA 


Bx 
J. L. Киву 


(Ouachita College, Arkadelphia, Arkansas) 


I. INTRODUCTION. 


This paper is concerned with square matrices of order n having for 
elements numbers of any associative division algebra D, viz., an algebra 
in which every number d, not zero, has an inverse 4-1. 


On defining the left linear dependence of the rows and the right 
linear dependence of the columns, of this matrix with respect to D we 
are led to the consideration of the row- and the column-ranks of the 
matrix which we later show Ф be the same. This is most easily done 
by reducing it to а diagonal matrix, če. one having certain initial 
diagonal elements equal to 1 and all the remaining elements zero. 

Owing to the lack of commutativity of multiplication as regards 
these elemer.ts of the algebra D a non-singular matrix р will be defined 
in two ways and the interdependence of these two methods shown. 
That this non-singular matrix, with elements in D, has an inverse 
together with its converse, will be shown. For the purposes of 
reduction we need five elementary transformations which will be 
defined in Article 3. At the same time we must show that the row- and 

the column-ranks will be unaltered by these elementary transformations. 

It will also be shown that the rank of a product matrix cannot 
exceed the rank of either of its factors, andalso that the vank of & 
matrix is unaltered when multiplied on the left and on the right by 
non-singular matrices with elements in the algebra under discussion. 

In Article 5 row-and column-equivalence, in D, of two matrices will 
be defined. This is a step toward defining a matrix, with elements 
in D, to be equivalent to another with like elements if it is possible to 
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pass from one to the other by a finite number of elementary transforma- 
tions. That two matrices, equivalent in D, will have equal rank, as 
well as the converse of this will be shown in the closing of the 
discussion of the Theory of Matrices over any Division Algebra. 


| П. Innear Dependence. 


There is said to be a left linear dépendence, with respect to D, 
between the rows of the matrix р, with elements in the algebra D, if 
there exist elements c, (not all zero) of D such that 


7% 
1 X c dy =0 EA ENEE) 
(1) ix! dj G ) 
We may also say that there is а right linear dependence with 
respect to D between the columns of the matrix р, with elements in D, 
if there exists elements b, (not all zero) of D such that 


у n 
(2) ` 3 d; b =0 `; (Slaen) 
= Ма ra 

If no such numbers c, and b, of the algebra D exist then the rows 
are left linearly independent with respect to D as to rows, and the 
columns are right linearly independent with respect to D as to columns 


| Defination :—If a row of a matrix, p, with elements in D, is lef 
linearly dependent with respect to D on some other row or rows of p 
then y is called singular. | 


Ша column of a matrix m with elements in D,is right linearly 
dependent with respect to D on some other column or columns of p, 
then ші called singular. 


If the rows of a matrix р, with elements in D, are left linearly 
independent with respect to D, and the columns are right linearly 
independent with respect to D, then р is called non-singular. 


T£ т of the rows of this matrix are left linearly independent with 
respect to D but if the (r+1)st...... nth rows of them are left linearly 
dependent on these r rows with respect to D, then we say that the 
matrix р has row rank т, which we could henceforth denote by 7,, 


If c of the columns of the matrix м are right linearly independent 
with respect to D but if the (o+1)st...... «nth columns of them are 
linearly dependent on those о columns with respect to D then we say 
that the matrix р has column rank c which we could henceforth 
denote by re» - 
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ІП. Зет Transformations of matrices over ату, ‘Division 
Algebra. 

By certain elementary transformations on the rows or on the 
columns of a matrix we are able to reduce a matrix with elements in an 
algebra D, to a diagonal matrix, $.е., one having certain initial diagonal 
elements equal to 1 and all the remaining elements zero. 


Owing to the non-commutativity of multiplication of the elements 
in this general algebra we use the five elementary transformations as 
defined in Algebras and their Arthmetics.* 

(4) The addition to the elements of the ith row of the products of 
any element k, of the algebra D, into the corresponding elements of the 
jth row, k being used asa left factor, 7.е., we use as а left factor a 
matrix of the same order п, as м, differing from the identity matrix by 
having the zero of the ¿th row and the jth column replaced by k(ij). 
Call this matrix a”, 
of the ith row ar the jth -column by—k and get a matrix that we 


shall call a “| 


Similarly, for subtraction we replace the zero 


At this к оп account of the important role that the inverse 
matrix plays in this section, we will define it to be that matrix,of order 
n which multiplied by another matrix of the same order either as a 
right or as a left factor wjll give as a result the identity matrix of 
order n. 


It isto be noted that a” a (2 


ait) 


=I= a a af), Hence a and 


, are inverses, one of the other, 


Ж The addition to the P of the jth column of the product 
of the corresponding elements of the jth column into any element k, of 
the algebra D, k being used as a right factor, ze, we use the matrix 


00 as a right factor in the case of addition. 
This matrix differsfrom the identity matrix by having the zero of 
the ЙА row and the jth column (757) replaced by k, Тһе matrix к) 


is used for subtraction. Likewise, as the first transformation, d 


x0) =т= : ee pm. Hence 54) ала p? &re inverses, one of the 
other. 


* By Prof. L. Е. Dickson Chicago (1923). 
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(24% The interchange of any two rows or of any two columns. 


. ` We select a matrix cof order n with l's in the secondary diagonal and 
zeros elsewhere. Ifc is used as a left factor in its product with p, the 
first and the nth rows of » will be found interchanged in ре, the second 
and Ње (n—1)st rows of p will be found interchanged in cp, etc. Should 
п be odd the middle row remains fixed.” If this с is used аз а right 
factor in its product with p then the first and the nth columns of и will 
be found interchanged in ис, etc. | 


Using the identity matrix and interchanging the ith and the jth 
rows of it before using it as а left factor we will find the zth and the 
jth rows of с, м (ij) interchanged. The same holds as to columns 
when c is used as a right factor. 

с? =1, making с its own inverse. Likewise, c, =I, making, its 
own inverse. { ES 

(iv) The insertion of the same factor А, from the algebra D, before 
each element of any row. ў 

If we use the identity matrix as а left factor in multiplication with 
pa With the 1 in the 7th row and column replaced by \(A=£c), an element 
of the algebra D, we are merely prefixing A as a factor to-the elements 
of the ith row of the’ matrix д. We shall call this altered matrix 
ey , where ($) means that the 7th 1 has been replaced by А. It is by 
this transformation and the one following that we are able most easily 
to reduce the diagonal elements of the mafrix to 173, for 


E E sa 
do uou ары d door Sedi bud % 


11 92 88 


where the d. #0, (2=1...п). 


The inverse of А is АТ! Then we тау write the inverse of 9 ав 
2 The product of these two in either order'gives us the identity 
хе 


matrix, I, 


(v) The insertion of the same factor p, after each element of any 
column. : " у = 

If we use the identity matrix as a right factor in multiplication 
with р, with the 1 in the jth row and column replaced by р(4-0), an 
element of the algebra D, we are merely postfixing p as a factor to the 
elements of the jth column of the matrix и, 
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Likewise, the newly re-arranged matrix, previously an idehtity 


matrix, may be called 40 where the (j) means that the jth 1 has been 


replaced by p. р and p~: are elements of D and inverses, one of the 


other. The inverse of ер, will be 6,2. since the products of the 


two in either order will be the identity matrix, or I. 


We can readily define these matrices occurring in the elementary 


т п 
transformations to be non-singular since 2 с,4, ,=20 and X d, ,b,x0 


t= іст 
for the c, and the b,, not all zero. 
Defining a matrix и, with elements in D, as having row-rank v,, if 
it has т left linearly independent rows, or as having column-rank re’ 
if it has с right linearly independent columns we have 


Theorem 1.—The row-rank and the column-rank of и, with ele- 
ments in D, are unaltered by transformations (1)---(5). 


Under transformation (1) there are three cases to consider :— 


Case I. %<7”,, fr, GEJ) (r, <). 


The addition to the elements of the ¿th row of the products of any 
element k, of the algebra D, into the corresponding elements of the jth 
row, k being used as a left factor, does not alter r,, for the number of 
left linearly, dependent rows remain the same. Herce т, is not 
increased. v, is not decreased because the zth row becomes a left 
combination of the ith row and k times the jth row. It is left linearly 
independent of any other row of p. 


Case П. i<r,. j» 7. 


Here the number of left-linearly dependent rows remain the same. 
т, ів not increased since the ith row becomes the left linear combina- 
tion of the ith row with k times the jth row. Jit is left linearly inde- 
pendent of any other row of p, 


Case ПІ. i>r, >т, (tJ). 


The т left linearly independent rows are not affected in this case. 
Hence the r, is not decreased. The ith row is a left linear combina- 
tion of the ith row and k times the jth row—both of which are 
left linearly dependent оп а row or rows of the matrix. Then т, is 
not increased. қ 


The same holds for transformation (2) in dealing with с right 
linearly independent columns with the exception that we substitute 
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right® for left, column for row, and use k as a right rather than as a left 
factor. 


It is obvious that (3) does not affect the left linear independence of 
the т rows, or the right linear independence of the 7 columns, since 
this transformation merely interchanges rows or columns, depending 
on the manner in which it is used as a factor. 


In transformations (4) and (5) the X and the p are non-zero ele- 
ments chosen from the algebra D, their use does not alter the left 
linear independence of the 7 rows or the right linear independence of 
the т columns. 


IV. Reduction of Matrices over any Division Algebra to Diagonal 
Matrices. 
Consider the reduction of the square matrix p of order я, 
i (d » ($, --1.....”). 


We may assume @,, 0; for, if it were zero we could interchange 
some column or row with the first column or row so that we could have 
the element in the (11) place not zero and by Theorem 1, at the same 
time not disturb the row—or the column-ranks. 


f 


к (9) 


Multiplying м on the left by e " where A is @,, * we geb p, in 


which the first row is 1, 95 (j=1 -5.т) and the other rows are d; 
E СЕ m -1 1) 
(£—2......^; ј==1......п), 9 =a, dj; 


of closure (defined in Algebras and their Arithmetics, Art. 87) is an 
element of the division algebra D. 


and because of the property 


Using transformation (1) where p, is a series of products 


T. oy (#=2.....п) and — із of the form —dj (+2...) же 


i=2 
ui , P ГАН 


where pa has 1 in the (11) re zeros in the (21) places, (2-:9......) 


have the expression 


and y, (4, j #=2.....m) elsewhere, Here MET ав. (& j, kn 


dy 


~ Not independent of order. 
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Using transformation (2) where 41 is of the form 00 (G=. un) 
and where —k is of the form —ё\; (j—9......n) we get 
; 1 
EAT ЇГ A 
where и, bas 1 in the (11) place, zeros in the (31) and the (1j) places 
(7, j—2...») and the remaining (в--1)% places have Ада, &Ё==@...®). 


NE OE жу усы. 
Неге Ше Ал, = 2^ 81, (5, j b=2...0), 


and on account of the property of closure is an element of the division 
algebra D. 

Taking the sub-matrix of order (п —1) composed of the A's we can 
reduce it step by step, in the same manner кг we reach the diagonal 
form known as the diagonal matrix, (1, 1, 1,- , 0, 0-0). 


For example, taking the case of the MM matrix p with 
elements in D, where n=2 


p= ( d, 1 d, 2 \ 
Е d, 1 d, 2" / 
Form (4) and (5) we may select as а left factor 


49 -(4» 1) 4-0; 


and as a right facter 


1 0 
Е о а ) а,. 0. 
10, 
(do 
Tw = ao a 
joe 
-(.. 1 ші; 


* where 8,, zd di, a is an element of the division algebra О, by 


property of closure. 
By (1) and (2) we select 


490 о =(1 Е 7 na i09 ы ae 


К * Not independent of order. 
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Then LO eras 2X8 1X 17) 


6 а baa шие; 


where 8,,:-1--4,,5,, is an 1 element of the division algebra, by the 
property of closure. 


Using е again with p, as 327 (+0) we have 


50 ы 


nd 60 


Then ppyq=1 where р=а and 


> AD 02 JO 
Po ke 

р and 4 are non-singular matrices since they are products of non-singular 

matrices occurring in the elementary transformations(1)......... (5). 


Multiplying on the left by p^' and on the right by q`? we get 
po peggy” —p dg! = (pg) = (ар) =p. 


So, by the process that we used to reduce р to a diagonal matrix 
we can use the factor (gp)7? to pass again to p. 


Theorem 2.—If evactly т rows of the адиағе matri: p ave left linearly 
independent with respect іо D while all remaining rows are left linearly 
dependent on them, then esactly т columns of this matric are, consequently, 
right linearly independent with respect to D while all remaining columns 
are right linearly dependent on them. 


Proof follows by reducing the matrix to a diagonal matrix after 
application of Theorem 1. This diagonal matrix is square. Hence 
there will be %--т rows and columns composed wholly of zeros, For, 
every row whose every element is zero there corresponds a column 
whose every element is zero. The converse is obvious. 

Corollary.— The row-rank and the column-rank are equal. 

This follows from the consideration of the diagonal matrix and 
Theorem 2. 

Definition—Then we may define the rank of a matrix to be the 
maximum number of rows left linearly independent with respect to D, 


or the maximum number of columns right linearly independent with 
respect to D. 
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Theorem 8,—1] а matric is non-singular, it has an inverse. 


On reducing any matrix p, with elements in D, to a normal forfa we 
see that 


0,6,4... е, М6,66у:>.<, = а diagonal matrix, 
where в, and thee are non-singular matrices occurring when we per- 
form some of the elementary transformations. The products of the е, 


on the left, may be expressed as a single matrix p. Likewise, the 


products of the е, , on the right, may be expréssed “аз the matrix 4. 


Then pug —2a diagonal matrix. 


lf we take u to be equal to a non-singular matrix, the diagonal 
matrix becomes I, by Theorem 1. Since pugzl, pzp^!q^! has the 
inverse gp. Hence every non-singular square matrix has an inverse, 
and at the same time we see that any non-singular matrix pis в pro- 
duct of the generator matrices e, and є, . 


Theorem 4.—If a matric u, with elements in D, has an inverse, tt is 
non-singular. | 

Choose p and д as in Theorem`8 so that риф is в diagonal 
matrix 8. Suppose, coutrary to the theorem, that д is singular. 


Then $ has one or more rows of zeros. But A 
pe =], 
. 
Непсе ppgq po po =I, 


which is impossible since the product of 8 by any matrix whatever has 
а row of zeros and is not equal to I. Hence every matrix having 
an inverse is non-singular. 

Theorem 6.—(a) The product ру, of two non-singular matrices 15 non- 
singular. i 

(b) The product of a non-singular matrix p by a singular matrix 
и, ів a singular matrix p,. 

(a) For, » and v have inverses by Theorem 4, and hence uv has 
inverse v^!u7!. Then by Theorem 3, the product uv is non-singular, 

(b) In the product, ри, =, we are able to multiply on the left 
by p`! getting мұты”іш,. Suppose и, non-singular, then wo 
would have the product of two non-singular matrices equal to a 
singular matrix. This is a contradiction of the first part of the theorem. 
Hence p, is singular. 

“2 
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Theorem 6.—If poppy, is a product of two matrices p, and ра, the 
ranks of the product matrix p cannot ecceed the rank of either of the factor 
matrices, ш; and мл. 


First, let г be the rank of &,. If т=п, the rank of м cannot 
exceed я. lf т< п, there is a left linear dependence between every 
v--l rows of р, and so here will be a left linear dependence between 
every r--1 rows of y. Thus р cannot have r+1 left linearly indepen- 
dent rows. Hence it follows that the rank of м cannot exceed ғ. 


Next,leb2'be the rank of ин, If тішп, the rank of и cannot 
exceed 4”, for, $] cannot exceed n. If <n there is a right linear 
dependence between every 7’+1 columns of р, and therefore there 
isa right linear dependence between 77-51 columns of д. Thus и 
cannot have "--1 right linear independent columns. Hence the 
rank of д cannot exceed т. : 


It may be observed that it is possible for the rank of д to be less 
than the ranks of both p, and pg. 


Theorem 7.--Тһе rank of a matris is unaltered when multiplied by а 
‘non-singular square matrix of the same order as a right or as a left factor. 


Let p/ be any square matrix of order n and of rank r (r< n), py, 
а non-singular square matrix of order n, and р”, a product matrix of 
order n. We are to show that the rank of н” equals that of р’, 


First, consider the equality pap =p". Multiplying both sides on 
the left by 4,7! we get i =p," ip. By Theorem 6, the rank of 
p^ cannot exceed the rank of p! and the rank of p! cannot exceed that of 


" 


p”. Hence the rank of м” is equal to the rank of м. 

In the product рр, =p", where м, is non-singular and p, р" 
are the same as before, we multiply both sides on the right by д,“ 
and geb p/=zp"p,~'. Тһе rank of p" cannot exceed that of м’ and 
‘and the rank of м’ cannot exceed that of w”. Hence the rank of м” 
equals that of y. . 

Corollary.—The rank of a matrie is unchanged when multiplied by 
other two non-singular matrices of the same order as a left and as а right 
factor. 

Suppose p is of rank r, p, and u, are non-singular,—all of order n, 
with elements in the division algebra D. We are to show that in the 
product рии ==, р has the same rank as м. By association 


(мм) ма шері (pps ) spl, 


By Theorem 7 we see that (иуи) and (mpg) each have rank r. There: 
fore, the rank of w is equal to that of џ. 
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У. Equivalence of Matrices. 


We may say that two matrices р ond p', with elements in the 
algebra D, have row-equivalence in D when they have the same number 
of columns, and when every row of р is left linearly dependent with 
respect to D on the rows of м’, and- when every row of р’ is left linearly 
dependent with respect to D on the rows ‘of и. Thus the matrices м 
and р’ are row-equivalent іп D when and only when there exist rela- 
tions of both the forms өш қ 
(1) ppp | wep 
where p, > are products of non-singular square generator matrices 
occurring in the elementary transformations (1)...(5) having the same 
ordér as м, м and with elements in the same algebra D. From Theorem 
7 we saw that these two matrices, р and р, have the same rank. 
Hence they have the same mumber of left linearly independent rows. 
Therefore, equivalent in D. 


> 


Again, any two matrices, ри and р’, with elements in D, will be 
said to have column-equivalence in D when they have the same number 
of rows and when every column of » is right linearly dependent with 
respect to D on the colums of м, and every column of p’ is right line- 
arly dependent with respect to D on the columns of и. Thus p and р’ 
are column equivalent when and only when there exist relations of 
both the forms 
Q) к=; * ш —ps, 
where 4, s are non-singular square matrices of the same order as м, р’ 
and with elements in the same algebra D. By Theorem 7 the two 
matrices, „and p’, have the same rank. Hence the same number of 
right linearly independent columns. Therefore, equivalent in D. 

Thus the matrices, д and р’, are called equivalent in D when and 
only when there exist relations of both the forms 
(3) P= peg, p= rps. 

From corollary following Theorem 7 we see that these two matrices 
p and м, have the same rank, Ф.е., the same number of right linearly 
independent columns. Then р is said to be equivalent to р! or p’ is 
said to be equivalent to u. We denote this relation by 

1. ии ог а? 

This is known as the first principle of equivalence. The other two 
follow :— 

IL Every matrix p is self-equivalent. 

р and 4 may be- the products of identity matrices in which case 
PHQ=P ог рр. 
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nr If two matrices, р and р’, ате each equivalent to a third matrix, 
u^, they are equivalent to each other. 


This is known as the principle of transitivity. Let 

Pip =P", 

v pls, zu 
Then . Рив, 

0 n^ puit 7 ml, 

oro | pages 02 . 
where p-—r,'"!p, and g=q,5,7' are non-singular square matrices 
with elements in the algebra D, since 7,, p,, Yı, s, were matrices 


with like elements. Hence, if рер" and ре р", it follows 
that р-р. 


Theorem 8.—Equivalent matrices, и and и’, with element in D, have 
equal rank. - 


In corollary following Theorem 7 we have shown that in the relation 
ррд= the ranks of и and р’ are the same. We have shown that 
pop. if such a relation holds. Hence the proof. 

The preceding theorem leads to the converse :— 


Theorem 9.—Matriccs, p and w, having equal rank, are equivalent, 
in D. - Е 

From the article оп the reduction of matrices we see that matrices 
of rank г (т< п), whose elements are elements of the algebra D, can 
easily be put into the form of diagonal matrices. We have defined p 
and p' to be equivalent if the relation pug-p' holds. In the process 
of reduction рама.“ (1, 1; 1,7..1,, 0,...0,); and pip qs (1, T1 1 
1,,0,..0,), since by hypothesis, they have the same rank. Then, 
by the third principle of equivalence 


Pi Qs 77 Didi 
and 2 ge ра PE 
or и pag 


in which pz-p,^'p,, 9=49:9, * where the p's and the g's are each 
non-singular products of non-singular matrices occurring in the ele~ 
mentary transformations (1)...(5). 

Bull. Cal. Math, Soc., Vol. XVII, No. 1. 
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ON A TYPE OF SOLUTION OF EINSTEIN's 
GRAVITATIONAL EQUATIONS. 


BY 


NRIPENDRA NATH GHOSH. 
(Caleutta) 


1. The gravitational field in vacuum is according to Einstein, given 
by the differential equations, 

Guu =0, (p,v=1, 2, 8, 4) 

The solutions of these equations studied hitherto are not large in 
number. The most well known are those* with a centre and an axis 
of symmetry. A solution with singularities on gn axis has been given 
by H. E. J. Curzon.t The object of the present paper is to study some 
particular types of solutions of the above equations. They have been 
obtained by direct integration on the assumption of certain form for the 
line element. Some new informations are obtainable in this way in 
certain cases. For instance, it can be proved that there is only one 
solution of the type 


ds? =f, (x, de! +f, (edr? tf, з) =f le de? .. (Т) 


which із really identical with the Schwarzschild’s solution with a 
single singularity. ы! 5% 


2. Let us assume the following form for the line element, 
ds? —a,g, d oy! F a4,9, ding 44,9: dv? Ha,g, deg, 


where g's are functions of z,, Gas 2, , Va, and Qi, Qa, Qs, а, are nu- 
merieal constants introduced for manipulating the signs of the functions 


* К. Schwarzschild, Berl. Ber. 1916 
T. Droste, Amst. Versl. 25 (1916) 
Н. Weyl, Ann. d. Phys. 54 (1917) 
Т. Lévi-Civita, Rend. Acc. Linc. (5) 26 (1917) 
+ Proc Lond. Math. Soc.; бөгіөв.2, vol, 23, 1924. 
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involved. We shall first calculate the functions Gay and put them in 


symmetrical forms which would greatly simplify our subsequent analysis. 
We have 


б,,---8- {ur a} + (ма, BH B, а) 


һу 


log / —g — іру, 40 log v =g; 











+ “8, 05, 
Here 
{Hp p) 2- log (2), 
E 
_, 9 | 
іш, в} 85, log (Шаш ; 
46, Im д 
fem v] 2 —,— log (g) 
2a, 9, ðr, id 
{ р, с} =0: 
Put* 
jus mE | 
then 


ð 
іше m= qu jue 
E 


ТЕТЕ Š h 








іш, c} =0, : 


а 
where (4 ) denotes —. 
v a 


у 


Let the four values through which a, р, и run be denoted, for the 
sake of convenience, by m, n, 7, p, 


then 


Ov, 
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Íuv, а} іп the expression for G,, stands for ' 


* (А, = һа 
г. { e ) 3 hs | 


дг, 


EUM ae] 


(m, = 2 = (Je EON { 9* 





Ur DE ee 





h 
де, pp 





+ 2. ud 2 59. hon Sar thas 


Similarly {мо, B] (vB, a} in G,, may be expressed as 


and 


(m, = т, p) ( 


обе. 
9х дә 


к 





Әз, by) 


aa (Ry etm) ( 


logg/—g in G,, may be putas | 


y 


S h, where kh denotes hanc hes thus thp 


Ou; 





ді, 


рі 


15 


a 
hap) 3 
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also | стік 2 ЗЕ: log / —g in G,, may be put in the form 
т, 





d n, v) 2 = 
р\ *,-^h) 8 9 
P. ) Ow, * Өх, hop 
= I op * 
r 


Hence G,, comes out after simplification in the form 


. 











Again 


- а im a} in G,, 


= — so (өз, m} 238" imn, в} 
Cm 


Әс, 


EN 21: 
met 8 nBr, Cet h, n) А 





Similarly (но, ӨҢУВ, ор in Gna 


(m, n. ?, p) 9 8 8 a 
= = 2 — nm ban 
А 82, 9 85, Baga + д г, à On ERE 
iid SA „БЕ ME en] іп Gan 
Or, дә,” 
д: 





779 ёт. > 
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also гї, З св Ж] їп Gan КЕ ы, Желе 





=-— ә bas h~ 


Om, ""Өз„ Da. Oa,” 


Hence б. тат) comes out over simplification in the form 


Pu 
f Гаел X Ға; 85, ANT ee 


. Ө ə ə ә 
7% “a "бт атба” ga 870], = (B) 





3. The above forms (A)and (B) of o correspond to the line 


element of the type 


2h ~ — 2h ^ Bhs P ` 
ds? —a,e na ӛз +a,e t deg tae "Adag a, eres da? 
2 - Le 


| We shall consider іп this paper the following particular case. (1) 
Let h,,,h,,,h,, be functions of x, only while À;, ів a function 
of c, and æ, Also let a,=a,=a,=—a,=--1; Then we have the 


following five differential equations to solve, ` 


ar а Ж , re T 8 RT 
Gu Bap C» +1 oth) +( ёт, +( shes.) 





6; үә EE " 
+( 5” ) баны ӧз, Qagthss+h,,)=0 


Or, 


(Виа. 
G,, =e (ha ) a ЖЫ P. . 077 


2 оты hes shay) + a ЖЕ: Өл, hss "шо 
ү Б д sl 3 


3 
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Ж 2(h,, 7h, з 
Gy, = hee { 25 host 5 9 TY de д (A, +, А, hy) 
1 1 


NE (sss y) 


С. ен: №1) a з haa 
. Oa; 


+ 9. hag aa thas thas hia) ] =0 
1 “1 


Әд” ‚ Ө 8, 9, 9, = 
Gu Sl ба, * 82, 152, 85, 5*5, 570 


‘Multiplying | G,, by ваз №) 
this; we get— 


says (алау 5. №. ) 


and subtracting G,, from: 





+ E: а-ы) 2. (hgg—hs3)=0 ase e 00) | 


Simplifying G,, by means of G,, we have also 








өза) ay ae "«( RE y E 








-2 DRE: m, taa Hss) =0 uU (2) 


The equations (1) and (2) are аума to 
, i 
2 TEDE = 8. һ.б A за 
1 


+ gy ls 5, « (8) 
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a A, *( 2 à; Js) 7g == 9 ын б, 


HÈ by, Ob e (4) 


From the equation (3) it can at once be seen that oO hy, cannot 


Ou, 


involve 4 га) Or in other words №, must iis the form 


$1 (#1) +4, (2,). 





һ,а--0, the equation G,, reduces to 
B9 9. 3 .. (5) 


Eliminating олем by means of (5) we have now the following 


Ou, 


three equations to consider :— 








9: ә 
Ou? bat ас» ) аб; 8s, hes às, dd vas (6) 





a: bes t( 


Qa? 


ә Yn 9, 8. 92i 
ac.) 785, 8, n 72а) КЕ (7) 


ә, 8 E | 
х{ B. go Os E90, } =0 je (8) 


9 2 9 = р 
Put бала Hun and Bs, ua Еш ; 


then (5) шау be written as 


H,,=H,, | f S (5) 
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(69 may be written as 
Өлен, +H, =H +H, | | + Ao 8) 
(7) may be written as 
= log H,,+H,,=H,,-2H,, . — (7) 


(8) may be written ав 


hah 
2K, ,+(Kas)? е ae м) 


Әз, 
x iH,,(H,,+2H,,)} =0 e. (8) 
From (6') and (7) we have ы 
Ә log Ha: =2H,,+H a 9 
воен НЫ | we 49) 


+ 


Let us represent Наһ by М; then (9) becomes 
44 


9 log M=(24+M)H,, 
Oz, 








md. OM 10 

Whence НОМ)», (10) 

Consequently | Н,,- Hu 9м Г G) 
and from (77). 

_ 8 142M ӘМ P 

Buca log Bast {е Мудл, (12) 


* 
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Integrating (10) we have ; , ges 
hb mpg a here с, is an arbitrary constant 
+=} log zīme Where e, is an arbi rary constant. 
Integrating (11) we' have 
ha =log (2 +M)c,, where с, is an arbitrary constant. 
Integrating (12) we have > 


h,,-log H,,-Flog мі (24M)? су, where с, is an arbitrary constant 
Lo f 24M y эм 
= log ( м Өзү" 


Since H,,—H,,, the рагі of h,, involving z,. 


d.e, ф, (2, )=105(2+М)с,, where с, is an arbitrary constant, 
In the above solutions М is evidently an arbitrary function of r,. 


To find the part of ksa involving x, let us revert to the egua- 
tion (87). 
It can be shown that 


haan ha 4) {H,,(H,,+2H,,)}= os 
1 
Hence equation (8') reduces to— 
9 А UE Wm 
g. Kast Baa) +( 2 )'=0 


Integrating this, the part of h,, involving s, Фе, pales) Ваз 
the form 


log b, cos f Ce, tba) } 
z 1 


where b, and b, are arbitrary constants. 


Hence the required form for the line element is 


ке зн cà dM? — (2--M)*eg dog? 





e, di? 


( с М 
$ 222 2 2 pa2 
--(2--М)%с, cos у Са Жы) 2 jos + ILM 


, 


ОКЕ? 
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Ву means of the following equations of transformation, 


(2+M)c,=M’ 
с 
(ratba) 2 +=, 
Es gyn," 
e. тала? 
сй, 
the above readily reduces to the form— 
ds? = 1 2 2 2 2 gj М 2 : 2c, 2 
| LESE {в #— de? —e? sin?a, de, 1——- jde; 
1-24 Ta 
rs 2 . 


which is identical with Schwarzschild’s solution. 


Hénce Einstein's equations admit of only one solution of the type (1) 
and this solution has one singularity and corresponds to a field with а, 
centre of symmetry. | 


А study of some more solutions will be taken пр later on. 


In sonelusion I wish to express my thanks to Prof. N. В. Sen at 
whose suggestion 1 took up the problem and'under whose guidance 1 
carried on the above investigation. . 
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ON DISCONTINUOUS FUNCTIONS WHOSE PROGRESSIVE 
DIFFERENTIAL COEFFICIENTS EXIST 
AT EVERY POINT,- - 


BY 
AVADHESH NARAYAN SINGH 
Calcutta 


In the present paper I have constructed some examples of disconti- 
nuous functions which possess at each point in the interval (0,1) a 
right-hand differential co-efficient which is equal to zero and which are 
not constants іп (0, 1). The first of these examples viz., f. (х), possesses 
the following properties :— e 


(1) It is monotone and non-diminishing and hence of bounded 
variation. $ . - 


(2) It is everywhere continuons on the right, but has daha 
of the first kind at an enumerablè everywhere dense set, 


(3) At all the points in (0, 1) 
руу, (a) =D, f(a) =0. 


The second example, ў, (х), has the following properties: — 


(1) It is constant in each of the black intervals of a perfect set, but 
varies in the interval (0, 1). 


(2) It is everywhere continuona on the әді; but has discontinutties 
of the first kind at an enwmerable non-dense set, 


- (8) 1t is of bounded variation. 
(4) А% all points in (0, 1) 


D*f, (а)  D,f, (в) =0. 


Further it may be noted that the functions f,(;) and f,(.c) are 
such that 


D*f, (а) =D, f, (е) =D*/, (2) =D, J, (w) 0; 
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everywhere, but 
Ў. Се) (0) 


I take this opportunity to express my best thanks to Dr. Ganesh 
Prasad under whose guidance 1 have carried out these investigations. 


„Example І. Let the points of the interval (О, 1) be expressed in the 
dyad scale, so that 


_ 0 5% a € C. 
3 [= 2 T Po F r Ted 97 +... 3 


where each c is either zero or oné. > 


For values of д not répresentable as ending decimals, let 


у--Қа)-- A + Е ++ = +... 


" For values of « representable as an ending decimal 


б, 
2 


++, 


let 
у=} (ғ) = S + Е: жез. 


(1) It is easy to see that if 


226; Cs с, 
X= 5. Meg js Te 
be greater than 


there is a number v such that 


c,=0, while C, —1, 


* Hahn (Monartsh. В Math, Vol. XVI, p. 161, 1905) has given two functions 
which have the same derivates, and their difference ін not constant. But there 
tard points where thesé derivates 'havé infinite values, (In this connéctioh see, 8. 
Ruziewiez, “Оп the functions which have the same derivates and of whith the 
difference is not, constant," Fundamenta Math. Vol. I, pp. 148-51). In my examples 
the right hand derivatives of f, (e) and f, (v) are finite and equal, 
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and for all values of n < r | _ IX . 
0, 7—O,. 


A0 ҮшД(Х) > yf), 
for, Y and y agree up to (r—1) places, while at the rth place ші is a 
2in Y and a Oin y. 2,4 x 

Ха) is, therefore, monotone and non-diminishing and hence of 
bounded variation. 

(2) The function f(x) is continuous at all the points in (0, 1) 
which are not representable as ending decimals in the scale of 2, for 
if а and X agree up to the nth place, у and Y also agree up to the nth 
place. It is also easy to see that at-a point ғ which is representable as 


an ending decimal 


лоу 96 2с 2с, 2 
fet+o=f(e)= га + 2 Teck ar Жаа) 
while — 
EE EE pk +. 

At all such points, "md fle) is continuous on the right, whilst 
it has got a discontinuity of the first kind on left. The set formed by 
these points (ending decimals) is evidently enumerable and everywhere 
dense. ! 

(8) То prove that the function has a right-hand derivative which 
exists everywhere and is equal to zero, we consider'the non-euding and 
the ending decimals separately : 


(a) Let z be а point which is not representable as an ending 
decimal, $.е., let 


so that from and after some place (mth, say) all the c’s are not equal to 
1. Then, the greatest number of Гв occurring one after the other in 
the representation of с must be finite (=r, say). 


qtue. 


"Ort 


Let А, = E: 
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and * (к++5„)=® e Pn p Rp e 

5g Tp te tg tgm te o? 
then 20 Қәне + tt e, 
and Дочь, = 202 + 208 pe P et, 
so that 


foh) fes. 


Also MES. 
E us 
floth—fle) 9. 1 - - 
1 
vp — 
ӘР 


But (p—k+1) із always finite and les$ than or equal to 7+1, 


80 that 
(5-1)>(р-т-1). 


Lim, | fethy)—f(a) — Lim. 2* oo. 


Hence ins ie „ Sp po gem 


But the incrementary ratio is always positive, because the function 
Кә) is non-diminishing. ? 

Therefore, the right-hand derivative exists at all points which are 
not representable as ending decimals in the scale of 2, and is equal to 
zero. : : 


(b) Let а be representable as an ending decimal 


Gt tot eut 





Е. ы 
and let h.e ih | 
= = 2c, 2c, | 2 
then, Кз)= On tet y tano 
and fie h,)— 22, 26, 0 2, 2k. 


+. tant 


3 8% За 8" grrr 
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во that 1 
fab hs) -fG)s a А 


аы —f(v) < ый 
" 3 





Lim. f(#+h,)~f(«) Lim. 
Hence m cs o eI) < тысы = <0. 


As the incrementary ratio is always mene there exists a right 
hand derivative equal to zera. 


We have thus shown that at all the points in (0, 1) 
Dtf(2) =D f°) 50. 

Hzample II. Consider Cantor’s perfect set and its black intervals. 
When 2 lies in a black interval of the set, let (с) equal the square of 
the length of the black interval. When x is a point of the perfect set 
let а) =f(2+0). 

The function is evidently continuous at all the points complemen- 
tary to the perfect set. At all the points that belong to the perfect set 
and are limiting points on both sides f(z) is continuous and has the 
value zero, for we can always find an interval enclosing such а point 
and such that it does not contain any interval of the rth stage, where r 
is less than or equal to a given arbitrarily large number л. At all 
the points which are end points of a black interval, f(x) is continuous 
on the right only, whilst it has got a discontinuity of the first kind on 
the left. 


It is also easy to see that the total variation of the function cannot 
exceed 


f(x) is, therefore, of bounded variation. 


It is also evident that the right-hand derivative at all the points 
that are interior to, or are left-hand end points of black intervals, 
exists and is equal to zero. The remaining points are points of the set 
that are either limiting points on both sides or are such on the right 
only (Ze, they are right-hand end рин» of black intervals). Such 
points т are represented as 


where each c is either zero or two, and all the o's from and after some 
place are not equal to two. Also f(«)z0 
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Let а’ be a point within or at the left-hand end of the black interval 
of the mth stage of subdivision, nearest to s and on the right of it. 
a! is represented as 


Сі. Cs Cni 
ots Ф. at tie 


where the 6,8 (7< т) are either zero or two, and c,,, is equal to 
20го, one, Or two (for k=], 2, 8...), and all the св from and after some 
place are not equal to two. Also "i 


Ке) gis 
and (a! —e) > pum 


where т is finite and equal to the greatest number of 2’s that occur one 
after another in the representation of x. 


Lim. 16 =) < Lim. LET 
a! —>@ w—e 5 m—>oo gum r= 


Ка)л0, ава fiw’) is always positive. Therefore the incre- 
mentary ratio has the limit zero. 
Again if we approach x along а sequence {х„”} of ‘points which are 
right-hand limiting points of the set. . 
Fen") =] (6) =0, 


so that Lim. | f(#n")—f(®) o. 
$ 


7 
а —> L4 uM — 


Therefore at all the points that are right-hand limiting points of 
the set, the right-hand derivative exists and is.equal to zero, 


' We thus see tliat at all the points in (0, 1) 
D*f(a) =D f(e) =0, 
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On Vortex RINGS IN COMPRESSIBLE FLUIDS 
` BY 
Nearrenpra Natu Sen, D.Sc. 
(Calcutta University) А 


The only previous author who dealt with vortex rings іп compres- 
sible fluids is Dr. Chree*-whose results however admit of much simpli- 
fication. Asa matter of fact, he attempted to solve the problem of 
vortex rings of compressible finids moving in incompressible liquids. 
The object of the present paper is to discuss the motion of vortex rings 
of compressible fluids moving in а similar or a different kind of 
compressible fluids, and I have proved that in the kind of the three 
dimensional fluid motion in which Stokes’s stream function exists, 
“the compressibility of fluids has no affect on the fluid velocity, so 
that the motion of rings in compressible and incompressible fluids are 
essentially same. This result, remarkable as it is, was lost sight of 
by Dr. Chree. 

2. Let p, $, = be cylindrical co-ordinates of any point referred to 
the centre of the circular axis of the ring as origin and its axis as 
z-axis. . 

V-Stokes' stream function, considering motion symmetrical 
about z-axis, 

u, v, w--components of the velocity in cylindrical co-ordinates 
at the point p, d, z, | 


А о which is same Т in.all co-ordinates, 


mod of the fluid, 
20= vorticity, 
It is well known-in hydrodynamics that the motion ofa fluid which 


fills infinite space and is at rest at infinity is determinate when A and 


* Chree— On vortex rings '—Proc. Edin, Math. Soc., Vol. 6, р. 65-68, 1888, 
+ Lamb—Hydrodynamics, ed.  (1924),.р..48 


% 
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` Уу 


» are known at all points of the region. Thus іп Cartesian co- 
ordinates,* the components of the velocity u, v, 0 are— 





..09,0H 0G 

ў 9» Oy 9:2 

де, OF ОН 

"=~ бу, 8: Әә 

„= 99.,96. ӘР 

Oz Ox ду 

where 9, F, б, Н are given by 
Ow, 0v, Әб о __1 Dd 

or mu br АЕ pow 
узЕ= 9 we (9) 
У*б@=—2] ‚ wee (8) 
у*Н=—9{ e (4) 


where 6,4,6 are components of w-along the cartesian axes, It is 
evident from 19), (3), (4) that F, G, Н are independent of ‘ compres-- 
sion’ but depend only om the distribution of vorticity while Ө is entirely 
a function of compression and is independent of vorticity, Hence in 
finding the motion of the fluid, we can study the effects of vorticity 
and compression independently. 

Now, from the equation of continuity in cylindrical co-ordinates, 


1 D` ,1 д Ow 2%). pa 
4 Di ар (ир)+-а- =0 (= v0) 


19 (9%) д (1 д ) 
=— ð (Өү, 8 from (7) =0 
р др\ Әг2) Әгір Әр nid 
PE a [eu iu б 
( ou р Oz’ are 
which proves that fluid motion is same as if the liquid is incompres- 


sible, in which case the problem has been completely investigated in a 
previous issue of the Bulletin of the Calcutta Mathematical Society. + 





% Lamb— Hydicdynomice, ed. у. (1924) 202 
T See Bull. Cal, Math. Вос. Vol. 13, 1922 
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On THE EXPANSION OF THE PRODUCT OF TWO PARABOLIC 
CYLINDER FUNCTIONS IN A SERIES OF PARABOLIC 
CYLINDER FUNCIONS 


| BY 
S. C. Mirra - 
(University of Dacca) 


1. Inan issue of the Proceedings of the Benares Mathematical 
Soctety (Vol. II) Mr. G. Prasad, M.Sc. has obtained an expression for 
the product-of parabolic cylinder functions in a series of parabolic 
. cylinder functions. Не has obtained expression of the form 


D,(2)D, (2) 


=D,(2)| Dural) тара +2 ма Ур, _ 


1 


шон Б sn Dc ына Daaa) | 
and 
oo , 
D,(2)D,(@)= ‚2 С„р, (2) 
where , 
NE m! a! 
бт ES т! (m—v)! (n—7v)! “n+m—2rp, 
: (m-+n=even integer) 

and у 


D.G)D.G)- = 40,4, le) -- 
p=0 
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m ! ! 
т: n:i 
d 5 


= ooo % 
e т) r! (m—r)! (n—v) | "t m-?n, p 
(m-+-n=odd integer), 


а,ат-ат»» ANd D.4,:,,,5, being expressed determinantly: 


The first expression is finite while the second expression is infinite. 
The main difficulty encountered by the author was that assuming an 
expression Sa,D, for the product of two parabolic cylinder functions, 
a number of equations involving three consecutive co-efficients were 
obtained from which it was difficult to obtain the co-efficient of the most 
general term in the expansion. 


The object of the present paper is to give a different finite expres- 
sion for the product, when the co-efficients in the expansion are deduci- 
ble from а general law and to evaluate several interesting integrals. 


2. We know that П, (к) satisfies the differential equation, 


Фу ( 1 1 ') а 
. 2а + n 2% у=0. 
The recurrence formule are . . 


Э, (2) —әр, (2) +2D,_,(2)=0 
апа 


2р, (2)-+ 5 aD, (2) nD, (0) =0, 
Let - 
у=0,* (а), 
Thus D,?(a) satisfies the differential equation 


зу 


da? 


+ ( 4n 4-2— x уш —ay=0 Ей (1) 


dx 
Putting = А ғ, we get the differential equation 


dèy — 2? ay _ = 
so +( 8-4 é ) dE —у=0 e (9 
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To solve this equation, let us assume 


у= а,0,(), 


the limits of r being determined later on. 
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Substituting in (2) and making use of the recurrence formule, we 


get after a little simplification, 


Sa,[(2r—4n)D, 4 4-r(4n—2r--2)D, .,] 0 


If we assume that m is a positive integer, then 


Рау 39, “[1= кыы ы 1 qon Dine Pima) 1 1 2-е] 


We see that D,(») is Ње product of e *" anda terminating series. 


Hence D,,*(2) is the product of 673% onda terminating series. Now 


D,(é) is the product of 67%” anda terminating series. 


This sug- 


gests that the upper limit of is 2» and the lower'limit zero. The 


infinite series obtained by putting r=0 or 2n-+1 are to be rejected. 


Equating to zero, the co.efficients of D,(£), 


D,- (6), 


D,-,(€) and 


so on, we get the following relations between the successive co- 


efficients, 


Gy ~_(2r7—4n—4) +a, 7(4n—2r+-2)=0, 


a,-,(2r—4n—8) +0,_, (v—9) (4n —2r +6) =0, 


a, en »(2r—4n— 4p) +a, sa (7 —2p--2) (4n—2r -- 4p —2) =0, 


TIT 


as (—4n) 4- a,.2(4n—2) —0. 
Putting r=2n, we find that 


Qana FLN. аҙ) 





n(n—1 
aan- =1.8. ( ans 
(n -1)(n—2 
Og а-в 71.9.5. e Bans : 


1.3.5... (2p—1)n(n—1)...(n—p--1) л 


Qa nep [p 


gar 
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Therefore we get, 


D(z)—a,, {Dy (22) ар, (24) 


Юр, (ады. 


1.3.5..(Фр-1)(а-1)..(а-р-1) p 
ір 


+ а-а 2( V 2) 





1.8.5... (2n—1)n(n—1)(n—2)...1 


а 


р р,(м2») | e (8) 

Also comparing the co-efficients of =?" from both sides, we 
find that 

йл» р 

8. The above method is not of great advantage іп obtaining the 
expansion of the product D,(#)D,(c), when m and n are unequal 
integers, because we cannot get any relation between two consecutive 
co-effitients. 


We know thab 


ee 


lo? —2u? 


D, («)*=(—1)" вуз в u" ue (дун) du 


--со 





E^ т--1 ^ - ; ; 
where p is — or which everjis an integer, and the cosine or the 


2 2 
sine is taken, according as n is an even or an odd integer. 


Suppose m and n are both even integers, and m > n. 
Then 


тет 


D,(s)D,(s)m(—1) 2 27+" +3 (2-е 


—2(u? 4 у? 
«| | АСЫ ( ) cos 220 cos 220 бийо. 


— о0о = оо 


te 


* Whittaker and Watson, Modern Analysis, p. 348. 
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-(-1) ^ geeee (ga) 
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If A,,,.. be the co-efficient of 4"*"7'y' in the expansion of 
(@+y)"(z—y)", it can be proved easily that 


p-r 
Anpa- =(-Т): = (—1)*2» AC NACE a 
ю=0 


апа Anta-r=(—1)"4,, 


where A, is the co-efficient of a’ y™t*~’. 
Consequently, we can write, 
D,(2)D, (a) 


m+n a mn 
=(-1) 2 анты” X» Аш, 
r=0 





со oo 
«| | фен трт 406° +) {сов Aux сов “фаудафау; 
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Integrating, we find that 


D,(z)D, (а) m -Êt (c! 1.3.5... (r—1) 


2 


m+ п-т 


хр... ,(^/92)+(-1) 2 1,8.5...(m-+n—r—-1)D, (2) } 


where all the even integral values of r only from zero to m+n are taken. 
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We can therefore write "CS 


1 | ; 
D,(a)D,(z) = m+n БЕКЕР НЕ 
9 2 





413.4, 4L Dos acíu (2a) +... 


mn 
+(—1) Z 135. (m+n—1)A, D nin | we (а) 
It may be remarked that the same se holds good when m 


and n-are both odd integers. 


Next let us suppose that mis an odd integer, while n is an even 
integer, and m>n. We have : 


тт--1 4 
р.(=)0,(а)= (—1) % 9"*"7* (gn! „42 
Tum mn—r r 4(p? 4 y?) 
x= оз M ( y Й 
— оо — со 


х [sin 41$ +sin day}dgdy 
After some easy reductions, it is found that 


р„(=)р,(а) 
1 


тет 


- 9 = АО» (У 22) —1. Anin-2Dngn—a( V2) 





+148. Antica Бь+в-4( V20) + $$ 


- mtn-l (b) 
‚(—1) 2 A,13.5.-(m--n—2)D,( 22) ; 


The same expansion holds good when m is an even integer and n 
an odd integer. 


Lf in (а) we put m=n, ‘and sapii the results, we are led to the 


experession (3). 
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(2). From (а), we easily find that = . 
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_ Gr)? RA, 
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and so on, 2 
Milne 1 has proved that 
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GENERAL THEOREM OF CO-INTIMACY OF SYMMETRICS 
OF A HYPERBOLIC TRIAD 


BY 


S. МокнорарнҮАУА AND В. C. Bose 


(Calcutta University) 


1. INTRODUCTION. 


Ву а hyperbolic triad is meant a group of three elements (points 
or lines) lying upon a hyperbolic plane. The group may consist either 
of three lines, two lines and a point, two points and a line or of three 
points and the elements forming the group may be situated in any 
manner whatsoever.on the plane. The scope of the present paper is 
to extend to all hyperbolic triads the well-known concurrency theorems ' 
of the angle bisectors and the right bisectors of the sides’ of a 
triangle formed by three line elements.meeting at tlree actual vertices. 

The extension of the angle bisector theorem to all possible triads 
of linear elements, meeting at actual, improper or ideal vertices was 
effected by pure Geometry іп a paper by 8. Mukhopadhyaya апа Bhar 
published in the Bulletin of the Calcutta Mathematical Society [Vol ХІ. 
No. 1. 1920-21]. They were first to introduce the concept of the 
symmetric between two directed lines, and to show that in certain cases 
it may be a point. The concurrency theorems of the angle bisectors of 
an ordinary triangle were then shown to be merely particular cases of 
the general theorem of concurrency of symmetrics between three direc- 
ted lines. 


‚ Inthe present paper the concept of symmetrics between a point and 
a line has been first introduced. By the introduction of this important 
concept which is claimed to be novel, the difficult problem of generalis- 
ing the concurrency theorem of the right bisectors of the sides of a 
triangle so as to cover the cases when two or more of the sides do not 
meet at actual points has been completely solved. Again by the intro- 
duction of the concept of intimacy it has been possible to entirely abolish 
the ultra-geometrical concepts of improper, and ideal points, and at the 
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sanie time to give to our theorems a larger scope for generality. Some 
other’ new terms and concepts have also been introduced which will be 
found in their proper places. The final result obtained is an elegant 
geometrical theorem of a highly general character Which is applicable 
to all hyperbolic triads, and further combines in one the two distinct 
theorems of concurrency, already mentioned, The theorem as well as 
the numerous deductions which have been made from it, will, it is 
hoped, prove interesting to all lovers of Non-Euclidean Geometry. 

2. Lexma I:—If P,P,N be perpendicular to O, NO, and if P,N and 
P,N be complementary lengths, then a horocycle through P, and P, will 
touch O,NO, at some point О, or О), such.that O,N or O,N is comple- 
mentary to the length 3(NP,+NP,) 

Let OX be a tangent to a horocycle at О and P,N be perpendicular 
from any point P, on the horocycle on OX(Fig. i). Draw OY per- 
pendicular to OX towards the same side on which P, lies, so that OY 
is an axis of the horocycle, drawn from О in the direction of parallel- 
ism, Draw P,L an axis of the horocycle at P,. 


Let ON=r, P\N=y, OP,=2:, LLP,O=ZYOP,=¢ 


Then evidently ф is the angle of parallelism for the distance 2. 


5 v. tanh z=cos ф 
* =sin PON 
sinh y 
— sinh 2z 


or sinh y= 2 sinh ?z 
Again cosh 2z=cosh 2 cosh y 
1+sinh y=cosh x cosh y ... (i) 
‘or cosh r==sech y+tanh y we а) 
Squaring (7) and simplifying, we get 
sinh?y —2 cosech? r sinh y+1=0. ... (iii) 


If y, and y, be two values of y corresponding to a given value of 2, 
we have from (2%) 
sinh y, sinh y, —1. 
Thus if NP, cuts the horocycle again at P,, NP, and NP, are 
complementary. 


- 
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+ 


From М the mid-point of P,P, draw MD parallel to P,L.* Then 
MD is parallel to OY. It follows that the length ON is complementary 
to the length MN which is (NP, +NP,). 

Corollary :—If М, P,, M, P, be points taken in order upon a straight 
line such that М is the mid-point of Р.Р, and lengths NP, and NP, are 
complementary, then cosh MP, =sinh MN. 


1+sinh y, _ 1+sinhy, 


From tion (7 h s= “cosh y, 
rom equation (2), xlii or: тЫ yi coshgy, 3 


^. Sinh (y,—y,)=cosh y, —cosh y,, 


or у cosh 3(y,—y,)==sinh HY. t). 
But i(y1—y,) - MP, and iyi +y,)=MN 
Hence cosh MP, =sinh MN. 


8. Definitions, The principal line of a pair of elements consisting 
of a point and а line. Let P a point and AB a ling not passing through 
P, Draw PL perpendicular to AB meeting AB at L. Take P*on PL 
such that P'L is complementary to PL, P and P’ lying on the same side 
of L. Let M be the mid-point of PP’. Then the line perpendieular 
to PP’ at M is defined to be the principal line of P and AB. 

It follows from the corollary to Lemma 1 that cosh MP —sinh ML. 

The principal point of a-pair of elements consisting of a point and a 
line. Let P be a pointand AB a line not passing through it. Draw 
PL perpendicular to AB meeting AB at L. Take L’ on PL such that 
РІ/ is complementary to PL, L and L’ lying on the same side of P, 
Let S be the mid-point of LL’. Then the point S is defined as the 
principal point of P and AB. 

1% follows from the corollary to Lemma I that cosh SL=sinh SP. 


The middle parallel of two parallel lines. The locus of points equidis- 
tant from two given parallel lines is a line parallel to both. This line 
is defined to be the middle parallel of the two given lines. 

4, LEMMA IL :— If Q be any point on the principal line of P and АВ 
then cosh PQ=sinh QD where D is the foot of the perpendicular drawn 
from Q on AB, 

Let P bea point and AB any line not passing through P. Let PL 
be drawn perpendicular to AB, L lying on AB. Let MQ be the 

6 
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principal line of P and AB, M lying on PL. Let D be the foot of the 
perpendicular drawn from Q оп AB. Join ОР (fig. 4). 
Then sinh QD —sinh ML cosh MQ, 
=cosh PM cosh MQ, 
==cosh PQ. 


Leama IIT :—If а line is perpendicular to the principal line of Р and 
AB and if P is the length of the perpendicular from P on this line, then 


sinh p=cos ¢, 1, ог, cosh d 


according as the line intersects AB at an angle ф, is parallel to it, or 
possesses а common perpendicular of length d with it. 


Let AB, P, L and М be as іп Lemma II, Let QC he any line 
perpendicular to MQ the principal line of Pand AB. Let PK be the 
perpendicular from Р on QC such that PK —p. Let QC cut AB at an 
angle $ (fig. iii), be parallel to it (fig, %), or possess a common perpen- 
dicular of length d with AB (fig. v) 


Then cos, 1, or, cosh d==sinh ML sinh MQ, 
=cosh PM sinh MQ, 
-sinh р. 


Lexa IV :— ЈУ a line passes through the principal point of Р and AB, 
and if p be the length of the perpendicular from P on it, then 


sinh p=cos ф, 1, or, cosh d 


according as the line intersects AB at an angle d, is parallel to vt, or 
possesses а common perpendicular of length d with dt. 


Let AB, P and L be as before. Let SH be any line through S the 
principal point of P and AB, intersecting AB at an angle ф (fig. vi), 
parallel to it (fig. vz), or possessing a common perpendicular of length 
d with it (fig. viii). Let PR be the perpendicular from P оп SH such 
that PR=p. 


Then cosh d, 1, or, cos ф--совһ SL sin LSH, 
=sinh SP ніп LSH, 


==sinh р. 


su te .. "| 
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5. лима V:—If PM be a perpendicular to AB from а põint P 
lying in AB and if p be the length of the perpendicular from P on any line’ 
parallel to PM (in the sense РМ) then 


sinh p=cos ¢, 1, оғ; cosh d 


according as the line intersects AB at an angle $, is parallel to it, or 
possesses а common perpendicular of length d with it 

Let P be a point in the line AB. Let PM be drawn perpendicular 
to АВ. Let PQ bea line parallel to PM (in Ње sense PM); Let PQ 
intersect AB at an angle ф (fig. iz), be parallel to it (fg. т), OF possess 
a common perpendicular of length d with it (fig. 25). Let PL be 
perpendicular to QP such that PL=p. 


Then — сов ф, 1, or, cosh d=cosh Pisin LPA, 
| =cosh PL cos MPL, - 
. =cosh PL tanh PL, 
2 . s=sinh > : 
%. kinas AND CO-INTIMACY. d Р | - . 


The elements we will deal with- are the point, the line, and the 
horocyole, the last being representative of a-conceptual point to which 
118 axes converge, АП horocycles with the same system of axes are 
equivalent. - pc 

A point and a line will be called intimate if the former lies on the: 
latter. Two straight lines will be called ¢niimate if ore is perpendi- 
cular to the other. A straight line and a horocyele will be called 
intimate if the line. is an axis of the horocycle. А horocycle may be. 
regarded as intimate with itself and consequently with any equivalent 
horocycle. 


The joir of'two'elements is a third element intimate with both, 
Between апу two distinct elements a unique join always exists. Тһе: 
join of two points is а straight line passing through both. The join 
of а point and a line is the straight line through the point, perpendi- 
cular to the given line (the point may lie'om the line). The join of 
two intersecting straight lines is their point of intersection. The join 
of two parallel lines is any horocycle of which both the lines are axes. 
The join of two non-intersecting and non-parallel ‘lines is the line 
perpendicular to both. The join of a point and a horocycle is that 
axis of Ње horécyclé which passés through the point, 
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The jain of two horocycles is the straight line which meets both horo- 
cycles at right angles and consequently is an axis to either horocycle. 
The join of a horocycle and a line, not its axis, is that axis of the horo- 
cycle which is perpendicular to the given line. The join of a horocycle 
and а line which is its axis-‘may be taken to be the horocycle itself or 
any equivalent horocycle. 


Any three elements will be called co-intimate if there is а common 
element which is intimate with each. Thus three straight lines passing 
through the same point are co-intimate as each of them is intimate with 
this point. Also three straight lines perpendicular to the same straight 
line are co-intimate. Again three straight lines parallel in the same 
- sense are co-intimate as each of them is intimate with a common horo- 
cyle. Two lines and a point are co-intimate if a straight line through 
the point perpendicular to one of the lines is also perpendicular to the 
other line. Two points and a line are co-intimate if the straight line 
passing through the points is perpendicular to the line. Three points 
are co-intimate if they lie on the same straight line. Two lines anda 
horocycle are co-intimate if an axis of the horocycle is perpendicular to 
both the lines. Again two lines and a horocycle are co-intimate if both 
the lines are axes of the horocycle, for in this case each of the three 
given elements is intimate with the horocycle itself. A point, a line 
and a horocyole are co-intimate if the perpendicular from the point to 
the line, is an axis of the horocyle. Two points and a horocycle are co- 
intimate if the straight line through thé points is an axis of the horo- 
cycle. Two horocycles and a line аге co-intimate if the common axis 
of the two horocycles is perpendicular to the line, Two horocycles and 
a point are co-intimate if the common axis of the two horocycles passes 
through the point. 


It would hardly be appropriate to call the three elements con- 
current in all the above cases. We have therefore ventured to introduce 
the name co-intimacy to cover all these cases and hope that it will be 
acceptable to Mathematicians. S. Mukhopadhyaya has used already the 
expression ‘range of intimacy (co-intimacy) of two curves’ for the set of 
points of intersection of the two curves (Sir Asutosh Mookerjee Silver 
Jubilee Vol. II, 1922). 


7. DIRECTED ELEMENTS. 


A point element ora line element may be taken in two opposite 
senses. With each point P we may associate a clockwise or a counter- 
clockwise direction of rotation about the point, With each line АВ we 
may associate either the direction AB or the direction BA. We attach 
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no sense to a horocyclic element. A point or aline taken with-a parti- 
cular direction associated to it we will call a directed element. 


The sense of a directed line AB relative to a point P is defined to be 
clockwise or counter-clockwise according as the circuit PABP is clock- 
wise or counter-clockwise. 


Two directed points having the same sense are called similarly 
directed. They are called oppositely directed if they have opposite 
senses, | 


A directed point and a directed line are called similarly directed 
if the sense of the line relative to the point is the same as the sense of 
the point. If these senses are opposite, the point and the line are said 

_ to be oppositely directed. 

Two directed lines parallel to one another are called similarly directed 
if the sense of each is the same as the sense of parallelism or opposite 
to it. They are said to be oppositely directed if the sense of one is the 
same as the sense of parallelism while the sense of the other is opposite 
to it. : 

Two directed lines with a common perpendicular are called similarly 
directed if they have the same sense relative to a point on this common 
perpendicular produced, while they are said to be oppositely directed if 
their senses relative to such a point are opposite. . 


8. THE MEASURE OF DIVERGENCE BETWEEN TWO DIRECTED ELEMENTS, 
с : 


The divergence between two directed points at a distance d apart is 
measured by —cosh d or +cosh d according as the points are similarly 
or oppositely directed. 


The divergence between a directed point and a directed line at a dis- 
tance d from it is measured by —sinh d or +sinh d according as the 


point and the line are similarly or oppositely directed. If they are inti- 
mate the measure of divergence between them vanishes. 


The divergence between two directed lines meeting at a point and 
making an angle 8 with one another is measured by cos 8. 


The divergence between two directed lines parallel to one another is 
measured by +1 or —1 according as they are similarly or oppositely 
directed. » 

The divergence between two directed lines with a common perpendi- 
cular of length d is measured by +cosh d or —cosh d according as the 
lines are similarly or oppositely directed. 


If p be a directed element such that the measure of divergence 
between p and a given directed element a is the same as the measure of 


46. S. MUKHOPADHYAYA AND R. C. BOSÉ 


divergence between p and another directed element f then p is defined 
to be equidivergent with o and В. Т is evident that if a directed 
element p is equidivergent with the directed elements о and В, as 
also with the directed elements a and y, then p is equidivergent with 


В and y. 
9. RHOROCYCLES EQUIDIVERGENT WITH TWO DIRECTED ELEMENTS. 


А horocycle is said to be equédévergent with two directed points a’ 
and В if an equivalent horocycle passing through a also passes through 
B and conversely, and if every directed point taken on this equivalent- 
horocycle is either similarly directed to both а and В or is oppositely 
directed to both. 


А horocycle is said to be equédinergent with a directed point а and a 
directed line В. if an equivalent horocycle passing through a touches В 
and conversely, and if every directed point taken on this equivalent 
horocycle is either similarly directed to boss a and В or is oppositely 
directed to both. 


A horocycle is said to be equzdivergent with two directed lines а and 
B if an equivalent horocyele touching а also touches В and conversely, 
and if every directed point taken on this equivalent horocycle is’ either 
similarly directed to both а and В or is oppositely directed to both. 
Again a horocycle is said to be equidivergent with two directed lines 
a and В, if both a and В are axes of the horocycle and are similarly 
directed. Ж 


We shall now show that if H is a horocycle equidivergent with the 
directed elements a and В and also with the directed elements В and 4 
then Н is equidivergent with B and y. 

In the. first case suppose that a and В are not similarly directed 
parallel lines. Draw а horocycle H' equivalent to H and passing. 
through а if it is a point or touching а if it is line, Since H is equidi- 
vergent with а and £, Н’ passes through В if it is a point or touches £, 
if it is a line. Since Н is equidivergent with a and y, Н’ passes through 
у, if it is а point or touches у, if itisaline, Again if P is any 
point on Н’ similarly directed to а, it follows that P is similarly 
directed to В as well as to y, and if © is any point on Н’ oppositely 
directed to a it follows that Q is oppositely directed to В as well as 
to y. Hence from definition Н is equidivergent with B aud y. 


Next suppose а and В to be similarly directed parallel lines, The 
horocycle touching both а and В is notin this case equidivergent with 
a and Й, as any directed point оп this horocycle is oppositely directed 
+o f when it is similarly diretted toa, Hence Н must be a horocycle 
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which has both aand £ as axes. Since Н is equidivergent with 4 and 
y, the latter must be an axis of H and similarly directed toa, 1t 
follows that В and y are both axes of Н and are similarly directed. 
Hence from definition H is equidivergent with В and y. 


10. THE SYMMETRIC BETWEEN TWO DIRECTED ELEMENTS. 


Between any two directed elements о aud В there exists а unique 
element {98} intimate with all elements (directed points, directed 
lines, or horocycles) equidivergent with a and B. {a8} is defined to 
be the symmetric between a and 2. 


(t) The symmetric between two similarly directed points P and Q ds 
the right bisector of PQ. Let» be the right bisector. Obviously any 
directed line or directed point intimate with p is equidistant from P 
and Q, and is either similarly directed to both P and Q or is oppositely 
directed to both. It is thus equidivergent with P and 0. Again if 
there be a horocycle Н intimate with р (2.е., having p as an axis) then 
а horocycle through P having the same system of axes as H, passes 
through Q. Since P and Q are similarly directed, every directed point 
on this second horocyole is either similarly directed with respect to 
both P and Q or is oppositely directed to both, H is then by definition 
equidivergent with P and Q. . 


(it) The symmetric between two oppositely directed points Р and Q 18 
the mid-point of PQ. Any directed line AB intimate with the mid-point 
is equidistant from P and 0. Since P and Q lie on opposite sidss of 
AB the circuits PABP and QABQ have opposite senses. Hence if the 
sense of P is the same as the sense of the circuit PABP the sense of Q 
is the same as that of QABQ, while if the sense of P is opposite to the 
sense of PABP the sense of Q is opposite to that of QABQ. In every 
case therefore АВ is similarly directed to both P and Q or oppositely 
directed to both. It follows that AB is equidivergent P and 0. 


(2%) The symmetric between a directed point Р and a line AB similarly 
directed to tt is the principal line of P and АВ. Let p be the principal 
line, Let Q be any directed point on P. Then Q must be on the same 
side of AB as P since p cannot intersect AB as it possesses a common 
perpendicular with АВ. Hence Q is either similarly directed to both 
P and АВ or is oppositely directed to both, Lemma 11 then shows 
that Q is equidivergent with P and AB. Similarly it follows from 
Lemma ПТ that any line intimate with р (Ze., perpendicular to p) is 
equidivergent with P and AB. Again Lemma I shows that a horo- 
cycle through P having p as an axis touches АВ. It is also obvious 
that every directed point on this horocycle is either similarly directed 
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to hoth P and AB or oppositely directed to both, since all points on 
the horocycle lie on the same side of АВ as P. It follows from that 
any horocycle intimate with p is equidivergent with P and AB. 


(4) The symmetric between a directed ‘point P, and a line AB 
oppositely directed to it 4s the principal point of P and AB. Let S be 
the principal point. Taking into consideration the directions of the 
elements concerned, it follows at once from Lemma IV that any 
directed line intimate with S is equidivergent with P and АВ. 


(v) The symmetric between a directed point P and a directed line 
AB intimate with it is а horocycle having as an axis the directed line 
РІ, the sense of AB relative to Ir being the same as the sense of the 
directed point P. Let H be this Богосуе. Ii follows from Lemma 
V that any directed line intimate with H is equidivergent with P 
and AB. Again a horocycle H' equivalent to Н and passing through 
P touches AB at P, All points on H' lie on the same side of AB 
as L and therefore the sense of AB relative to every point on H' is 
the same as the sense of P. It follows that every directed point on H 
is either similarly directed to both P and AB or oppositely directed to 
both Hence all horocycles intimate with H and therefore equivalent 
to ib, are equidivergent with P and AB. 

(%) The symmetric between the directed ines OA and ОВ meeting at 
the point О їз the external bisector of angle АОВ. 


(vit) The symmetric between two similarly directed parallel lines ts a 
horocycle having both the lines as axes, | 

(vit) The symmetric between two oppositely directed parallel lines is 
their middle parallel, 

(2с) The symmetric between two similarly directed lines with a common 
perpendicular ts the mid-point of this perpendicular. 

(в) The symmetic between to oppositely directed lines with a common 
perpendicular ts the line besecting this perpendicular at right angles. 

Conversely it can be shown in every case that a directed point, а 
directed line or a horocycle equidivergent with the directed elements 
a and В is intimate with the symmetric {af}. 

ll. Тиноквм:-/ a, В, y be any three distinct directed elements 
(points or lines) on a hyperbolic plane, the symmetrics {By}, {ya} and {aß} 
are co-tntimate. 

In the first case let {ya} and [af] have a point or a line element 
as their join. Call this element.p and associate a fparticular direction 

with it. p is then a directed element intimate with the symmetric 
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ON THE EVALUATION ОҒ A FACTORABLE CONTINUANT 
oF MUIR *. 


BY 


- 


Satis CHANDRA ÜHAKRBAVARTY 


(Bengal Technical Institute, Calcutta) 


From the well-known centro-symmetric factorable continuant of 
Sylvester f, Миг} has derived a very interesting factorable conti- 
nuaní having certain well-defined characteristics. There is another 
factorable continuant, also discovered by Muir, which possesses some 
of those characteristics, vzz., 8 


* For references on the subject see— 

Painvin, "Sur un certain systeme d'equations jlineaires,” Liouville Journ, iii, 
pp. 41-46. Е 

Muir, “ Continuants resolvable into linear factors," Trans, Edin. Roy. Soc. 41, 
(343-358), 1905. “Note on Palmstrom’s Generalisation of  Lame's 
Equation." Trans. 8. Afric- Phil. Soc., 15 pt. 1, (29-83) 1904 “А continuant 
rosolvable into Rational Factora’’ Proc. Edin. Roy Soc, 24, (105-112) 
1901-1902. “ Further Note on continuants. Ibid vol. 8, (1878-14). 

Metzler, " Some Factorable continuants" Ibid 34, 1914 (223-229). 

Haripada Datta, “Оп the Failure of Heilermann's Theorem” Proc. Edin. Math, 
Soc, Vol 85, Pt. 2 (1916-17). “Оп the Theory of continued Fractions” 
Ibid Vol. 84, pt, 2, 1915.16. 

For further references see, 
“Оп the Evalution of some Factorable continuants” Bull, Cal Math. Soc., 
Vol. xiii, pt. 71-84 (1922-28) and Vol, xiv, pp. 91-106 (1922.24), 

“Опа Foctorable continnant" Ibid Vol. xiv, рр. 219-38 (1928-24), 

“On Two Pairs of Factorable continuants " Ibid, Vol, xv, pp. 127-38 (1924 25). 


+ Sylvester, “ Theoràme sur les determinants de M. Sylvester.” Nouv. Ann, de 
Math, xiii, p. 305 (1854). 

1 Muir, ''Factorizable continuants” Trans. S. Afric. Phi, Boc, 16, pt, 1. 1904 
(29-88) 

$ ,, “Further Note оп the Factorizable continuants.” Ibid ху. рр. 183.94 
(1906). 
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. a !2n—1)8 
: 9n—1l ` 
1:(B--2n—2) Ж (2n—2)(B+1) 
8—2 Е ; 2n—3 
2( B+ 2n—3) Я (2n—3)(B+2) 
5—2n ! ; 2n—5 
3(B+-2n—4) 5 
7—29 ; 





(n+-1)(B+n—2) 
3 





(n=W(B+n) „ие 
1 , 1 


= («+ B)(a-- B-o- 2) (a B 4)... ... (a B -2n--2). 
Muir has simplified this identity into 





(25—1)2 


2(2n—1) 
3—2 ' 


А; 2п—8 


(2һ—9)8 


А 
Б— 9и ' 4 





А, (п-- De +2) 





Өзі», аф ntl) 


 (A--2)(A 4-4)(A -F6)......(A 2n) 





n 





a 
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But he did not proceed to the final proof on account of the growing 
difficulties. “ Unfortunately the set of column-multipliers necessary 
for effecting this rosolution is not simple, the first line of it being 


СЕЗЕ СОРА „кеду 
% т т 


2 


In this paper is given а complete proof of this last identity. The 
operations necessary for effecting this proof have led to some fresh 
algebraic relations, The most general factorable oontinuant which is 
resolvable by means of the same operations has also been obtained. 
There is also given another identity which is analogous to a well-known 
identity of the Calculus of Finite Differences. 


1. lf the continuant be written in the reverse order, the identity 
(1) takes the form, 


A+ > a(n+1) 


Tp 
(а-а) — 4 — (n-D2) i 


(m—2)n+3) a (в-2/т43) 
5 > 2 --5 E 





2.95 —1) A 2(2n—1) 
9n—3 ’ , 3—2n 

1:2n 

2n —1' А = 


=(А 4 2)(А+4)(А+6)......(А +22). 


On the left-side of this identity perform n successive operations of 
the type 


m, col, FMa со, + т, col, +... т, c0l,, 
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іп, о, for the kth operation 


8) ено) 





Шы 93) 
-2 k-1 sti (2) 
— (n—k+1)(n+k) 
= Q eee ч" 


where ( Le ) =n(n-+e)(n42c)...(n+r—Ie), 


n | | 
( +e ) ші; if r=0, or negative 


and | ( zi ) =0; ifr >, spositive integer. 


In the first operation m, is governed by the rule for m, but not in 
subsequent operations. m, vanishes for all operations from r--lth to 
anth. After the n operations have been performed, it will be fouud that 
all the elements, except the last of the first column vanish. Hence the 


value of the continuant readily follows. 


(2) In the particular case when n=6, the six operations that are 
obtained from the above formula are :— 


42 col, +40 col, +36 col, +30 col, 


+22 col, +12 col, =eol, 4) 


45% col, +40 col,-+108 col, +180 col, - 


+220 col, +180 col, =col, 2) 


aed col, +0 col, +108 col, +450 col, 


4-990 col, +1260 col, =co), 9) 
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il қ col, (8) 4-0 col, +0 col, +450 col, 
42310 col, +5040 col, = вол, 9 
22 


4-48 col, 2 40 col, +0 col, +0 col, 


4.2810 col, +11340 col, col, 9) 


12 
A+10 





col, 9 0 eol, +0 col, +0 col, 
+0 col, +11340 col, со], 9, 


2. After each operation it will be noticed that a factor will be 
common to each element of the first column, If this factor be removed 


and the resulting determinant be lowered in order, then the aforesaid 
operations are to be stated thus :— 


For the kth operation 
Mmm 2. (8) 


т, 


where М, is the multiplier of the rth column and m’s have the same 
meaning as given above. 


The most general continuant resolvable by means of the 
operations (3), is obtained in the following manner :— 


On the continuant А-ға, B, 
| 7% А, В, 
Ys) А, В, 


7»-., А, Bana 


7.-„ А т 
perform the first of the operations (3) viz. 


1-2» 


(»—1)(n-F2) 
col, 4- unl) col,. 


(+) col, +... 


* The first of the operations (8) is the same as given by Muir. 
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Then, by reason of the removability of the factor ч сы 


(0—1) (6+2) 
А+а+ зар В+, 


we find а set of п—1 equations, viz. 


(n—k+1)(n--k 


) (n —k—1)(n-- k4-2) 
mn+l) - Yat 


"(%-1) Biss 


_ in—k)(n+k+1) „=*—Ю®(%®++1)(»—1)(%+2)% (4) 
n(n4-1) n? (n4-1)* DN 


where # is a positive integer varying from 1 to n—1. 


From the first of the equations (4), we have 


_(n—2)(n4+3) В, (n — 15 +2) 


" n(n 4-1) 
^ (n—1l)n--2) n(n 4-1) 


в, + (а--1)в--2) 7, ... (5) 


Then eliminating a from the other equations of (4) we have a set of 
n—2 equations, viz. 


(n—k—2)(2+ m 8) 


(n— ky(n 4- ЕУ 1) 
nint l) 


n(n +1) Yrs + Biss 


(n k—1)(n-F 842) (0—2) (nt 3) 6 
Я (n—1)n(n+1)(n+2) ы 


(901) (+42) <. 
= (n—lYyn32) — 7 ~ (6) 


where № is a positive integer varying from 1 to:n—2. 
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The resulting determinant can be lowered in order, being in fact, 


4 __(®—1)(%-+-2) 
А. "n(n-cl) | В.» Bs 


(n2 (+8) 
Ya “aat | B А, Bs 


_ (n—3) (n4-4) 
mapi; Е fi, Y» А, B, 





m 2(2n—1) 9 ys. А, Baa 


| n(n-- 1) 
1-9% 
| unt 1 ) В.» Yana A n=l 


Ол this perform the second of the operations (8), viz. 


3(n—2)(n-+3) 


б=т pap abuses (n—1)n.2n 


1 кы кайыш А ы) 
ud * SL at)” 


ЕВЕ 


Then making another factor 


_ (n—1Y(n4-2) 


3(n—2)(n +3) B 
n(n+1) 


Pit Ty B) 
removable from the first column, we get another set of n—2 equations, 
vir, 


k(k--l) (n—k)(n+k+1) 
9 ' (n—1)(n4-2) ^" 





(Е-+2)(#+3) (n—k—2) (n-- k--3) 
moon ер du 


JL 9(k 4 le--2) (n—k—1)in-Fk--2)(n—2) (n 4-3) B 
2 у (а--1)%(ө--2)% а 


_ k+2) | 
қарына eT e (7) 
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where k is a positive integer varying from 1 to n—2. 


From (6) and (7) we get 2x—4 equations involving 2n—2 quantities 
viz. all В'в and all уз. Then in terms of В, and y,, all other Вз and 
ү'в can be easily expressed thus :— 


From (6) and (7) when k=n—2, we have two equations, from 
which eliminating y,_, we have 


(n—1)(n +2)? 


— a 
В, = 2(n+3) Nnt 2n(n+l)in +3) В, ue" 19) 


With the help of (8) eliminating |8, from (6) and (7) and solving 


for y;,, and B,,, we have 


в, = SU Din Eee L (n D 
6—1) (а 1) (ооа)! 





(Е-Е Ма саа Ева 
2(2k—1l)n(n4d-1)(n--k--1) '' 


и 


(9) 


_ 93(k-Dn(n—X)(n--k-- 1^ 
Y: (9k E 1)(n—1)(n42)(n—k4 1): 


+ C DG-2)(n—8 (FE), 
29k 4-1 n(n-Fl)(n—k-41) '^ 
From (5) we have 


Зп? (n+2) 


We then get the following general theorem .— 


The continuant А-Бо, В. 
7 1? А, В. 
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m 3n? (n4-2) (n—2) 2 
={ А+ =I. ау t aati в, | 


x { A+ Bm n -2) (n+2(n—4) p } 


2т-1)(ө2) 727 anl) 


3n(n—A4) (n4 2)(n—6) 
2 f A+ 2(n—1)(n-+-2) nt 2n(n+1) В, j 


22 S2(n—2) (n+2)a . 
en fa g(5—1)n48) amtie } 


where а, 68 and y's are given by (9) and (10). The factors are in 
A. P., the common difference being 


9n 14-2 


(n—1)i 4-2) vt n(n--1) В». 


Oor, Xf | S 
n= е8) and B, —n(n 1), 


we come back to the continuant of Art. 1. 
3. Denote 


ix T = T y 2,—h 
ку fF oe HK ax C) 


n—1 


^d (a—4k-+3)(a—2n) ("t 


%-з4-1 
k=l (n—2k+2)1 ЖЕ. 


where % is an odd positive integer ; 


!—3 ( (42-48 (5227. » 
D', „= par =ч». ngiti 
пер, (—8E3)i а 
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where,n is an even positive integer, and 


Шаа c СЕТЕ 1; 
k=l (21) cor 


where S,,, is the sum of the products of т factors 1, 2, 3...7, taken р 
at atime. Then we have the identities. 


EN 


O 


kg. rok, p-k) 





() Т.-(-)" 
Proof. Since 


(r+ 1)r—n)( M y 


Ти: = (2r-—n)T, +(—)"t? (n+1)! 


3 


the theorem follows by induction. 


Oor. Т„=0, if n>r 
dta 
21) 


(2) р,, агт сы) А 


Ртооў:-——1 the last two terms of the series for Da, „ be added 
together, it will be found that (a—2n+3)(a—2n+2) will be common 
factors. Remove these and again add the last two terms. On continu 


ing this ‘process successively for "1 times, the theorem will 
follow. 
| ( а—п ) 
(iii) De, cM 
>" (m)l 
The proof is similar to (%). 
(20) $(r, р)=ф(т—1, р) 


8 
_ E 
kom „= Ja- 6-29 


іі (% 1), 


+ $(r—2k—1, p-2k)... (11) 
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where т=Р—1 ог 5 according as p is odd or even. . 
k=p ' 
Proof.—8,,,— X ( —1 ) Sian, pik .. (19) 
k=0 k 
for | В„,,=б,.,,„-+” 5,1, р-а. 


Substitute values of S's from oe in the left-side of 6 then we 
have А 5 


k=p T 
APES yt 3 zi. 


=1 ( m кү” 


Ex [t 
SB FW (HEBEL Aog, as ras (18) 
< ( -1), (01 
by (2) ° 


Again substituting the valups $'s, the right-side of (11) 


vr?(y—1)3(r—2) 


RET utis c sei ( 27 D', T? 3 Sys) n-* 


ec-nD( t 


xj. s 


ЕР "о-ъ( E | 
=8,_ not Кый P )* ~ 5 T=k—1) pork 


кєл? Ux 





by (4) and (20). 


the theorem (20) is established. 
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$(r,p)-0, if p>. This follows readily from (12), for; 
S,,,=0, if p> 7. 
(v) If ot, p)=¢'r—1, p) and p< r—1, 
then | $(r, р)=0. 


Proof.—Sinee ф(р, р) =0 by (iv) Cor, this theorem may be easily 
proved by adding all the equations that may be obtained by putting 
мт -l,r—2,..(p-F2) and (p+1) forrin the given condition. 


4. (7, p)=0, if pis odd and < +. a (14) 


Proof :—By actual calculation we find that 
$(r,1)-0, for S, өші), 


plr, 3)=Ф("—1, 8), by (iv). 
Ф(7, 3)=0, by (v), 


Proceeding in this manner, the general case may be proved. 


The case when p is even and < т, presents а difficulty in getting the 
result in a suitable form. 


: ker eee Gas MAE ), Ды, 


dn (% jo! Qu “ (15) 


Proof :—Put пр, where р=0, 1, 2, 8-«, or r—1; then right-side —0, 


the left-side 
` Есшт--1 


ce ^ 22 =o. а ы; 
‘Ge | 


by difference formulae. If p= —1, —2, —3,..., or —r ; right side—0 ; 
the left side 


k=r+p+1 
“ү. m S (— » (3 м ОЕ 


by difference formulae, 
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-~ If n=r, either side —1. 


Thus the equation is satisfied for 2+1 values of т. So ‘it is 
an identity. 


6. Let us obtain, by using а as the multiplyirg factor, the succes- 
sive orders of differences from any function of 2, viz., $(v) in the 
following manner.* 


Let 4,ф в) be used to denote the kth order of differences, then 
4,ф(а)--Ф(ағ)-%(>) Co), say, 
4,ф(а)-у(ағ)-а4(а)--Ф(ә) 
4,ф(г)-«Ф(ағ)-а%%(а)-«Қа) 5, 


4,Ф(ау-Ғ(ағ)-а"-“Е(а) where Е(г)-4, ,ф(а). 


It can be easily shown that if (=) be rational integral function 
of w of the nth degree, then -- | 


4,:1Ф(ж)--0. р ... (16) 
7. Denote 
` [aytda 
te J, . 


— (ag -d)(a^ t^ y d) a" 17^. g) (a $7705. 4a) ; 


a"ytd] .. 
Ыш. 
апа фе =(a"—1)(a"-?—1)(a*~*)...(a—1)t 


Then, if ф(ш) be arational integral function of w of the nth degree, 
it can be developed thus . 
E аса 8 
kon | dpe) _ 


wom o | etx інді еі а ay 


* Bee “On the Evaluation of some Factarable centinuants, part IL" Вий. 
Cal. Math. Soc , Vol. xiv, pp. 91-106 (1928-24). 


Т The right-side had previously been denoted by [1]. 
1 See Boole, Calculus of Finite Differences, 2nd Ed., pp. 11-12. 
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where "S, denotes the sum of the products of r factors 1, а, а%,.,.а" 73 
taker k at a time and 








denotes that the kth order of differences obtained from ф(г) by using 
а ав the multiplying factor, is to be divided by a 106 ок and then 
in the result v is to be made equal to 8. . 

а 2 
Proof :— Assume 


ш-6 (2—8)(a2— 8) 





P= Bot As Ты t i LT (a-1)58, 
z +4, КЕП ге d ... (18) 
iun cnt (19) 
prom ume te I i E (20) 


and thus obtain other successive orders of differences. Then putting 


w=8 in (18), r= in (19), etc., we get X. A,, eto. . 


Cor ы а” ЕНЕ a. "8, [ 2. ps $ 
! k=0 k —1 "= Е 


$ See “Опа Factorable continuant, " Bull, Cal. Math, Soc., Vol, XIV, pp. 219-38, 
Art. | (1923.24). j - 


Bull. Cal. Math. Soc., Vol. XVII, Nos. 2 & 3. 
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BuHASKARACHAKYA AND SIMULTANEOUS INDETERMINATE 
EQUATIONS OF tHE FIRST DEGREE * 
BY 


SARADA Kanta GANGULY 


(Ravenshaw College, Outtack) 


1, From the printed editions of Bhaskarachairya’s Lilavati and 
Bijaganita it appears that he considered only one case of simultaneous 
indeterminate equations of the first degree, viz., 


ах с dz-+e 
prune b 








=e, 
. 


. in which the denominators of the left-hand expressions are the same. 
The problem of which thé first equation is an algebraic statement 
would be stated by Bhaskaracharya as follows: 


What integer being multiplied by the integer а and then increased 
or decreased by another integer c will be divisible by the integer b 
without remainder ? 


So a is called à multiplier (guzaka) and b a divisor (hara or hárc) 
of the required integer, and c is called а kgepa (lit., what is thrown into, 
or away from, something, 7.6., what is added to or subtracted from 
something) The kgepa is positive (dhana) or negative (va) according 
as it is added to, or subtracted from the product of the required 
integer and its given-multiplier. As the product as, when increased 
or decreased by с, is to be divisible by 5, a is also called the dividend 
(bhajya) in which case the required integer is called its multiplier 
(guza) most probably to satisfy the metre of the stanza or stanzas 
giving the rule. 


* One of the three essays to which the Griffith Memorial Prize for 1922 was 
adjugded by the Oaloutta University, 
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2. The stanza dealing with the above-mentioned case of simul- 
tanebus indeterminate equations begins thus: 


© qii чой таз ана” 


2.6.) if the divisors be the same but the multipliers different. 


This raises the question: Has not Bhaskarachirya considered the. 
сазе in which the divisors are also different ? The object of this paper 
is to attempt an answer to this question. 


3. The writer of this paper has found this case dealt witn in two 
palm-leaf manuscripts (both in Oriya characters) of Lilàvati with the 
commentary of Sridhara Mahapitra,* an Oriya mathematician, who 
completed the commentary- in the year 1639 of the бака era (1717 
A. D.). 


4. Through the courtesy of Mahámahopüdhyàya SaddSiva Miéra 
of Puri the writer was able го have on loan the manuscript copies 
referred to above. Опе of the copies may still be found in the library 
of the Mukii-mandapa Sabha of Puri, of which the Mah&amahopadhyaya 
is the president. 


5. Оп a request made by the present writer through Professor 
Jadunath Sarkar, the Oriental Libraries ‘at Mysore, Madras, and 
Travancore were scrutinised and as a result the general case of simul- 
taneous indeterminate equations of the first degree has been found to 
occur in twO palm-leaf manuscript. copies of the text of Lilàvati, both | 
in Andhra characters—one t ın the Oriental Library, the State Library 
for such manuscripts, Mysore and the other{ in the Government 


ж Sridhar Mahüpütra was an inhabitant of Balepur, a village still known by that 
name aud lying to the north of the Puri town. His father was Nim& Mahfpitra and 


his mother Gauri. 
Nim& Mahüpütra also was а mathematician and gave the following rule for the 


area of п segment-of а cirole : 


aaga хаая wd euni (840484 | 
MASSA TSS WU: чең и 


One fails to find any reference to Sridhara Mahüpütra or his father in late 
M. M. Sudhakara Dvidedi’s Ganakatarangint (Accounts of Indian astronomers and 
mathematicians) or in Rai Bahadur Joges Chandra Rai’s Amader Jyotigt О Jyotiga, 
although both these works give accounts of Indian mathematicians and astronomers 
of even more recent times. 


+ Manusoript No. 1336, рр 42 and 48. 
1 Folio 28(b) of Мя. described under 13480, . 
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Oriental Manuscripts Library) Madras. The same rule and the same 
example in illustration thereof occur with slight variations in all the 
manuscripts referred to above. 


Чечу таа :— 
eit Аба qua a faa 
«теч THY BT: | 
байап часа qu: * 
aa ate Sauget RAAT 1 
Rauna 
ят мача VT жє unii 
ча узо ч 97959 
ma axvaveu ferg: Ц 
qup azat gat $ © 
SURES wc ufev:i 
sa за aaa заї- || 
29 agaaly saa Ti 


чтят | 
a: эн ча бечет А 
{чата 95а w wa сш: | 
wered; dante ## чз 
чата tT а оя m | 
aera: angad ll 
aqaa? Я ag чела | 
waaay ага чїй: 
fat eres зачат: | 


* Aaaa %14:1 (Madras and Mysore copies.) 

t The Mysore copy has Ба: for е9 | 

1 wan чача wc a | (Madras copy.) 

$ For YA? the Madras copy has qa and {the ‘Mysore copy m The Mysore 
reading is evidently wrong in this case. 

| The Mysore copy has 884 for 989. } 

$ The Madras and Mysore copies have ataia for eds. 

## Gamat (Madras and Mysore copies). 

tt gaani ( n 2» » » ). 

tt зна ( в з ” n } 
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ae - Translation ` ` = 


Rule for the solution of simultaneous ТАБ mo of the 
first degree :— 


When the given divisors and multipliers are different in the vari- 
ous conditions * to be satisfied ina complex problem on kuttaka (i.e. 
when the required integer has to satisfy various conditions leading to 
indeterminate equations of the first degree), an integer satisfying the 
first condition should, first of all, be found. The integer thus obtain- 
ed, being multiplied by the (known) dividend in the second condition 
and then increased by the kSepa of the second condition, becomes the 
kgepa of & new (lit, second) problem (the first condition being taken as 
the first problem), the (known) dividend (.6., multiplier) being the pro- 
duct of the divisor of the first condition and dividend of the second 
condition, and the divisor heing the same as that of the second condi- 
tion. With these kgepa, dividend, and divisor, a multiplier should be 
found by the rule of kuttaka. The product of this multiplier and the 
divisor of the first condition, being increased by the (previously un- 
known) multiplier satisfying the first condition (as originally obtain- 
ed), is the required integer satisfying the first two conditions. (If 
many values of the common multiplier be desired or the kgepas be 
negative or there be three conditions in the problem), proceed similarly 
taking, as instructed by previous teachers,t the product of the 
divisors of the first two conditions as'the divisor. Proceed similarly . 
if there be more than three conditions in the problem. 


Evample. 
(A) What is the integer, 
(1) which, being .multiplied by 7 and then divided by 62, leaves 
3 as remainder, 
(2) which, being multiplied by 6 and then divided by 101, leaves 
5 as the remainder, and 
(3) which, being multiplied by 8 and then divided by 17, leaves 
9 as the remainder? 
(Here the ksepas are negative) 
(B) What is the process when the kSepas are positive ? 


* Hach condition gives rise to an indeterminate equation, 
+ The word pradigta has been interpreted by by the commentator in this way, 
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27. Solution according to the rule. 


First, suppose that the Мер аге positiv во that the problem 
would stand thus: ` 


‘What is the integer, 5 


(1) which, being multiplied by 7 “4 then inor ы by 8, becomes 
divisible by 62, | 


etc, > > ete. ? 


By the rule of kuitaka or otherwise it may be seen that 85 satisfies 
the first condition of the problem (2.6., ав modified above). Multiply 35 
by 6 (dividend of the second condition) and add to the product 5 (the 
kgepa of the second condition). The result is 215. This із. taken as 
the вера of a new problem on simple kujtaka, the dividend and divisor 
being respectively ` 372(:=62х6) and 101 bythe rule quoted above. 
These kSepa, dividend and divisor give 73 as a multiplier by the rule of 
simple Киң ака, Hence, by the above rule, the integer satisfying the 
first two conditions =62 x 78 + 35 —4561. 


The original problem consists of two рагів, (А) and (B). In the 
first part the kgepas are all negative. Hence we shall have to use the 
rule аз «чытен TU «1 ӘӘ * (In the case of a negative kgepa 
the multiplier and the result are obtained by subtracting respectively 
from the divisor and the dividend. the multiplier and the result given 
by a positive kgepa, So an integer which will satisfy the first two 
conditions of the first part of the problem is obtained by subtracting 
4561 from the divi&or But wliatis this divisor? The rule says that 
it is 6262—the product of the divisors 62 and 101 of the first two 
conditions. Hence an integer which will satisfy the first two conditions 
of the first part of the problem =6262—4561= 1701. Other values of 
the common multipliér may be obtained by ‘adding 4561 or 1701 
(according as the kgepas are positive or. negative) to the product 
of the divisor 6262 (y the 99 and any assumed eae шылы; 
to the rule - hr e 

MENOR = 
8 a ива ager gow 1? s 


The multiplier. and the result become manifold when inoreased by 
the same multiple of their corresponding divisors.: 


Bim Al ok Lilévatf, Chapter on Kuttaka, | 
+ ibid, И ; BITE. 
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Now we proceed to find an integer which will satisfy the three 
conditions of the problem. For this purpose also, we take the kgepas 
to be positive. А value of the common multiplier satisfying the first 
two conditions has already been obtained. It is 4561. 1% should be 
multiplied by the dividend 8 of the third condition (which becomes the 
Second condition when the second condition is regarded as the first). 
To the product 36485 add 9, the kzepa of the third condition. The 
result 36497 is the Азера of a new problem, the divisor being 17 (the 
divisor of the third condition) and the dividend being 50096 (the pro- 
duct of the dividend 8 of the third condition and the divisor of the 
second condition, which is 6262 by the rule_ since there are three condi- 
tions in the problem). These (вера, divisor, and dividend give 5 as 
a multiplier. Multiply 5 by the divisor of the second condition which 
by the rule is 6262 and to the product add 4561 (the common multipli- 
‘er satisfying the first two conditions, as obtained before). The result 
35871 i is the required integer when the kgepas are all positive. 


When the kgepas are negative, the required integer 
== 6262 x 17 —35871 
zz 70583. de 


y adding to 95871 or 70583 (according as the kgepas are positive 
or negative) any multiple of 62x 101 x 17 we can get às many values of 


the required integer as we please. . | 
8. Тһе rationale of the rule will. be clear from the following : 
_ Let the equations be | 2 FER | 5 
а келей = „ж (1) | 
| kt ale Ehe. we (2) 
| | atte = жуш (8) . | | 


Let а=а satisfy (1). Then w=a+b,¢ (where t is any integer) will 
' also satisfy (1). Let us suppose that this value of æ also satisfies (2). 
Then we must have А 


gat £) e, b, 2 
or КУЛЛ аз Кк I OE 


This is the equation corresponding to the new problem referred to 
in the rule. М4=т satisfy this equation, the value of æ which satisfies 
(1) and (2) is a-Fb,r asgiven by the rule. - 
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If w= satisfy (1) and (2), ~- — . 
b, (a, Bc, )=b, bay 
and b, (b, Воз ) eb b. 
хо (aub, aS b B 8,0, Ве, mb b. (y +2) 
This shews that »—] also satisfies the equation | 


(a,b, +04), )a 5,0, +0, 6, b, b, (y+2) ... (4) 


Hence the value of т, which satisfies (1), (2) and (3), also satisfies 
equations (4) and (3). Thus, the solution of the three equations (1), 
(2), and (3) is reduced to the solution of two simultaneous equations, 
viz., (4) and (3). А solution of (4) has already been obtained, the 
value of т being a+6,7, From this we can find a value of » which will 
satisfy another equation also, viz., equation (8). In this case the divisor 
in the first, viz. (4), of this new ccuple of equations (4) and (3), is 6,5, 
which is the product of the divisors in the first two equations. Hence 
the rule зонта wx; яве: for three conditions in which the kgepas are 
all positive. We are not concerned with the dividend and 16ера in 
equation (4), as a solution has already been obtained without them. | 


When the kgepas are negative, the equations become— 


а,4--быш0,У we (5) 
a,2—6, =Ъ,у | | | _... (6) 
| a,%—C,=b,y à ex (7) 
Equations (5) and (6) may be written as 
a, (b,b, —1) ko, =b, (а,Ь, —y), 
| а, (b,b в) +0, =, (2,5, —2), 
$4. a8 р | ‘ 
аш +0, zb, у ~~ он (8) 
аек ich "— A à 
ан Rue s w'=b,b, =й f ы. | 


Hence the solution of eqiations (5) and (бу can be made do depend : 
оп Ње solution of equations (8) and (9) which ài are the. same as equa. 
‘tions (1) and (2). 
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Because ш-5,5,--ә, 


. — /- 
АА w=b,b,—a’; 


Hence the rule for the case in-which the kgepas are negative. 
Similarly the rule for the solution of three озон with negative 
kgepas might be deduced. 2 


9. Now the question may be asked 'are the rule and the 
illustrative example  Bhüskarüchárys/'s own, or are they later 


interpolations P 


The arguments against the genuineness of “the rule may be stated 
as follows : - 


(а) The rule is not found in any other commentary of Lilavati, 
we have it. 

(b) Kuftaka has been treated both in Lila vati and also in Bijaganita, 
the two chapters being nearly identical. But the rule does not occur 
in any manuscript of Bijaganita, as handed down to us. БЕ 


(с) In the chapter *Pra$nádhyàya" of Siddhanta-Siromani, Bhaska- 
racharya has not used the rule uuder discussion but he has used all 
other kinds of kuffake that are found in his Bijagünita or in printed 
editiohs of Lilàvati. 


This last argument might at once be disposed of by saying that 
Lilavati contains many things not used°in Siddhanta Siromani. 


The fact that Lilavati is much more widely known than Mahāvi- 
racharya’s Ganita-séra-samgraha—an earlier but better work from the 
point of view of a student of mathematics—might supply an answer to 
arguments (а) and (5). This shows that the majority of scholars cared 
more for astronomy than for mathematics. And Lilàvati helped them 
to acquire the necessary amount of knowledge of mathematics in less 
time than Gayita-séra-samgraha. As the rule in question must have 
been difficult іп those days when the modern symbolical language of 
algebra was not invented and as it had no application in astronomy, 
renders might nob “be inclined to- waste their time in learning and 
copying the rule and the illustrative example with their commentary , 
"Thus the rule with the example might have gradually disappeared from 
the manuscript copies of the text and commentaries of Lilivati as 
also of Bijaganita. The fact that chapters on kwffaka in атай and 
Bijaganite are not exactly identical goes to show that some omissions 
must have taken place in course of time. “As the original manuscripts 
of the text’ and commentaries are not available, one is not justified dn 
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us 
denying the genuineness of the rule ünless there be sufficient weightier 
‘evidence in one's favour. ` ` | ° 


10. Now we come to the arguments in favour of the genuineness of 
the rule. "They may be stated as follows : : "os 


(а) The ease was known to the earlier Hindu mathematicians also, 
as suggested by the word ие. Mahiaviracharya who lived more than 
250 years before Bhiskarachirya has given a rule * for this case, 
' different from the one given above, and nine examples t for exercise. 
Aryabhata really considered а simple case of simultaneous indetermin- 
ate equations which may be stated. thus : ~ 


qmb у +с:, 60,2463. 


The general case-in questionis only an extension of this. It would 
not be wrong to suppose -that this extension suggested itself also to 
other readers of Aryabhata’s works. In these circumstances itis only 
fair to say that the case occurred to Bhaskarachirya also. 


(b) Bhaskaracharya has dealt with one case of simultaneous indeter- 
minate equations (чеч) іп а stanza the wording f of which strong- 
ly suggests that he must have considered the case in question without 
which the chapter would remain incomplete. | f 


(c) The omission of the case is very difficult to explain unless, as is 
most unlikely, it bé supposed that Bhaskaracharya found the ‘case too 
difficult for him and left it 10 be solved by a scholar of much less 
repute. 


(d) The trend $ of the commentary by Sridhara Mahüpátra shows 
that Bhüskesrácbürya was the author of the rule which was included in 
the chapter on Миа, If any illustrative examples did not occur in 
some of the copies of Lilàvati he consulted, he made a note || to that 
effect, . The absence of a similar note in connection with the case under 
consideration suggests that the case occurred in the сору of Ganeáa's 
commentary (as he had it), which he had consulted and criticised. 


% Ganita-sda-samgraha, stanza 1151. 

T Ibid, stanzas 1211 — 1291. 

1 Vide $ 2 above. 

$ The commentator introduces the rule thus: 

“qafa wt agy quu greffe imaan ЧЕЗ qut ау: 
vy ч чүү uf dfawavemmrgraqm Г? 

| “agera afaq 3/44 543 я eund |”? 
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"When he has given rules and examples not attributed by him- to 
Bhaskarfcharya, he has indicated * the fact by naming their authors 
or otherwise. - m Е 
11. The balance of arguments goes to support the E of 
the rule and the example quoted above.. We, therefore, conclude that 
Bhaskaracharya considered. the general case-of simultaneous indeter- 
minate equations of the first degree, which might be stated thus: 


a,a+e,=b,y, аа, =, or 
atte =b w, 


eto.. . - ete. ^ 


and that he gave the rule quoted above for its solution. -7 


* “ча кератин Aaaa танат «тапа: |” : 
“oq Beary чейин 40574 aaa tara аппа 
= 544981” : | р 
“gq чаа жөніне Tease чє” - 
“guisan” “яя deum эч!” 
eto. ete. _ ete. 


^. Bull. Cal, Math. Soc., Vol. XVII, Nos. 2 & 3. 
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between the directed elements y and a. p is therefore equidivergent 
with y anda, Similarly pis equidivergent with a and f It follows 
from Art. 8 that p is equidivergent with В апа y, Hence p must be 
intimate with the symmetric {Ву}. The symmetries {a8}, {By}, {уа} 
are therefore co-intimate each being intimate with the common 
element p. 


Next suppose that the join of {ya}. and {a8} 1s a horocyclic element 
Н, Н is then equidivergent with у and а being intimate with the 
symmetric between them Similarly Н is equidivergent with a end B 
It follows from Art. 9 that H is equidivergent with В and y. It must 
therefore be intimate with the symmetric {Ву}. Hence the symmetrics 
{aß}, {By}, {ya} are co-intimate each being intimate with the common 
element H. 


19. SuwsxanY or Cases 


The following are the more important cases of the general theorem 
proved. 


Case I. 1} a triad consists of three points A, B, C, then 


(а) The right bisectors of the lines BC, CA and AB either meet at 
a point, are all parallel in the same sense, or are all perpendicular to a 


common line. А 


(b) The right bisector of ВС meets at right angles the line joining 
the mid-points of CA and AB. 


Case 11. If a triad consists of a straight line 1 and two points B and C 
lying on the same side of it, then 


(а) Thé principal line of -B and І, the principal line of с and 1, and 
the right bisector of BC either meet at a point, are all parallel in the 
same sense, or are all perpendicular to a common line. 

(b) The principal line of B and 2 meets at right angles, the line 
joining the mid-point of BC with the principal point of c and 1 

(c) The right bisector of BC meets at right angles, the line joining 
the principal point of с and 7. 


Case ITI. If a triad consists of a straight line l and two points В and С 
lying on opposite sides of it, then 


(а) The principal point of B and 1, the principal point of C and 1, 
and the mid-poimt of BC lie on the same straight line, 


7 
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(0) The principal line of B and J, and the principal line of C and 1 
possess а common perpendicular passing through the mid-point 
of BC. 


(c) The right bisector of BC and the principal line of C andl 
possess а common рр passing through the principal point 
of B andl. 


Oase ІҮ. If a triad consisis of two points В and О and a line l passing 
through one of the points (say В), and if BL is drawn perdendicular to 1, 
L lying on the same side of 1 as О, then 


(a) The right bisector of BC and the princial line of C and Г are 
either both parallel to BL or possess a common perpendicular parallel 
to BL. 


(5) The line joining the mid-point of BC with the principal point of 
C and Lis parallel to BL. 


(с) The perpendicular from the principal point of С and J to the 
. right bisector of BC is parallel to LB. 


(d) The perpendicular from tke mid-point of BC to the principal 
line of C and #13 parallel to LB. 


Case V, If a triad consists of a point A and two lines m and n with 
а common perpendicular PQ (P lying on m and Q lying on n), and if A 
lies between m and n then, . 


(а) Тһе right bisector of PQ, the principal line of A and m and 
the principal line of A and n, either meet at a point, are all parallel 
in the same sense or are all perpendicular to a common line. 


(5) The right bisector of PQ meets at right angles the line joining 
the principal point of A and m with the principal point of A and n. 


(c) The principal line of A and » meets at right angles the line 
joining the mid-point of PQ with the principal point of A and m. 


базе VI. If a triad consists of a point A and two lines m and п with 
а common perpendicular PQ and if the line m lies between A and m 
then, 


(а) The principal point of A and m, the principal point of А and n 
and the mid-point of PQ lie on the same straight line, 


(b) The principal line of A and т, and the principal line of A and 
n possess а common perpendicular passing thro ugh the mid- -point 


of PQ. z 
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(c) The right bisector of PQ and the principal line of A and m 
possess a common perpendicular passing through the principal point 
of A and x. 


Case VII. If a triad consists of two lines m and n with a common 
perpendicular PQ, and a point А lying on m and if AL be drawn perpen- 
dicular to m, L lying on the same side of m as n, then 


(а) The right bisector of PQ and the principal line of A and п 
are either both parallel to AL or possess a common perpendicular 
parallel to AL. 


(b) The line joining the mid-point of PQ with the principal point 
of A and т is parallel to AL. 

с) The perpendicular from the mid- Epon of PQ on the principal 
line of A and п is parallel to LA. 


(d) The perpendicular from the principal point of A and x to the 
right bisector of PQ is perpendicular to LA. 


Case VIII. If а traid consists of two parallel lines m and n and а 
point A lying between them, then 


(а) The principal line of A and m, the principal line of A and z, 
and the middle parallel of m and n are either parallel in the same 
sense, meet at a common point or are all perpendicular to а common 
lire. 


(0) Tbe middle parallel of № and n meets at right angles the line 
joining the principal point of А and m with the principal point of A 
and я. 

(c) The perpendicular from the principal point of А and м to the 
principal line of A and т is parallel to mand т in the same sense in 
which they are parallel to each other. 


Caee IX. If a traid consists of two parallel lires mand n, anda point 
A such that m lies between A and n, then 


(а) The principal line of A and m, and the principal line of A and 
т possess а common perpendicular, parallel to m and тіп the same 
sense in which they are parallel to each other. | 

(5) The line joining the principal point of А and m with the prin- 
cipal point of A and п is parallel to m and п in the same sense in 
which they are a parallel to each other. 

(c) The principal line of А and m, and the middle parallel of m 
and » possess а common perpendicular passing through the principal 
point of A and 2. 


. 
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Case X. If a traid consists of two parallel lines m and n and а point 
А тд on m, and if РАТ, be drawn perpendicular to m, Г lying on the 
same side of m as n, then 


(a) The principal point of А and n lies оп а line parallel to AL 
and to т (in the sense m which n is parallel to m). 

(b) The principal line of A and n meets at right angles the line 
parallel to LA and to т (in the sense in which я is parallel to m). 

(c) The middle parallel of m and n, ‘and the principal line of A and 
n possess а common perpendicular parallel to AL. 

(d) The perpendicular from the principal point of A and п to the 
middle parallel of m and n is parellelto LA 


Case XJ. If a traid_consists of two lines OA and OB, meeting at the 
point О, and another point О lying in the angle AOB, then 


(а; The internal bisector of / AOB, the principal line of С and OA 
. and the principal line of C and ОВ, either meet аба point, are all 

parallel in the same sense, or are all perpendicular to a common line. 

(b) The internal bisector of / AOB meets at right angles the hne 
joining the principal point of C and OA with the principal poiut of C 
and OB. 

(c) The external bisector of / АОВ. and the principal line of C 
and OA, possess a common perpendicfilar passing through the princi- 
pal point of C and OB. 


Case XII. If а traid consists (о) two lines OA and OB meeting at а 
point O, and another point U lying on OA, ond af CL be drawn perpendicu- 
lar to OA, L lying on the same side of OA as B. then 


(а) The internal bisector of 4 АОВ, and the principal line of C 
and OB are either both parallel to CL or pea: a common perpendi- 
cular parallel to CL. 

(b) The perpendicular from the principal point of C and OB to the 
external bisector of the / АОВ is parallel to CL. 


(c) The external bisector of / АОВ and the principal line of C 
and OB are either both parallel to LC or possess a common perpendi- 
cular parallel to LC. 


(d) The perpendicular from the principal point of C and OB to E 
internal bisector of / AOB is parallel to LC. : 
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Case XIII. - If a triad consists of three lines BC, СА and АВ meeting 
at the points A, B, C then . 

(а) The internal bisectors of the angles BAC, CBA and ACB meet 
a point, 

(b) The internal bisector of / ВАС and the external bisectors of 
ZCBA and / ACB, either meet at a point, are all parallel in the same 
sense, or are all perpendicular to the same straight line. 


Case XIV. If a triad consists of two parallel lines AL and BM, and 
a line AB meeting the two former lines at A and B, then 


(а) The internal bisector of ZLAB, the internal bisector of 
Z MBA and the middle parallel of AL and BM meet at a point 

(b) The external bisector of ZLAB, the external bisector of 
4 MBA and the middle parallel of AL and BM either meet at a point, 
are all parallel in the same sense or are all perpendicular to the same 
straight line. 

(c) The internal bisector of / LAB and the external bisector of 
Z МВА possess а common perpendicular parallel to AL, 


Case XV. If a triad consists of two lines AL and BM having a 
common perpendicular PQ, and a line AB meeting the two former lines at 
A and B, and if Г and М lie on the same side of AB, then Я 


(а) The internal bisectors, of ZLAB and Z МВА, and the right 
bisector of PQ either meet а point, are all parallel in the same sense 
or are all perpendicular to a common line. 

(b) The internal bisector of Z LAB and the external bisector of 
ZMBA possess а common perpendicular pissing through the mid- 
point of PQ. 


Case XVI. If u triad consists of two lines OP and OQ meeting at О 
and another line LM such that PL is a common perpendicular to OP and 
LM ond QM 15 а common perpendicular to CQ and LM, then 


(а) The internal bisector of / POQ, the right bisector of PL, and 
the right bisector of QM meet at a point. 


(b) The internal bisector of / POQ meets at right angles to the line 
joining the mid-points of PL and QM. 


(c) The external bisector of / POQ and the right bisector of PL 


possess я common perpendicular passing through the mid-point of 
QM. 
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Case XVII. If a triad consists of three lines AB, CD and EF such 
that АО is a common perpendicular to AB, and UD, DE % а common 
perpendicular to UD and EF and ЕВ isu common perpendicular to AB 


and EF, and if every two of the lines lie on the same side of the third 
then. 


(а) The right biseotors of AC, DE and BF either шесі at a point, 
are all parallel in the same sense, or are all perpendicular to 8 common 
line. 

(b) The right bisector of AC meets at right angles the line joining 
mid-points of BF and DE. 


Case XVIII. If a triad consists оў three lines, а, b, o, every two of 
the lines possessing а common perpendicular, and two of the lines, say b 
and c, We on opposite sides of a, then 


(a) The mid-points of the three common ты Це оп the 
same straight line. 


(b) The right bisectors of any two of the common perpendiculars 
themselves possess a common perpendicular, which passes through the 
mid-point of the third common perpendicular. 
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Two ARYABHATAS OF AL-BIRUNI 
By 
Влвноивнозам DATTA - 
(University of Calcutta) 
Introduction 


It has been stated by Al-Biruni,* in 1030 A. D., that there were 
two Indian astronomers bearing the same name Aryabhata. One of 
them he has distinguished as “the elder Aryabhata” and the other, 
consequently the younger, as “ Aryabhata of Kusumapura.” Не has 
warned his readers not to confound between the two and has further 
added that the ‘latter belonged to the “school” of the former, “ he” 
belongs to his followers, for he quotes him and follows his example” 
(I. 246). No Indian writer, before the celebrated Bháskarüchàrya 
(b. 1114 A. D.*, has any reference to two Aryabhatas.- Even in the 
ease of Bhàskarüchürya, the reference is an indirect one. It will be 
shown later on that the references of Al-Biruni and of Bhaskaricharya 
are not to the same two writers. Hence the statements of Al-Biruni 
require a very close scrutiny, especially in view of the fact that, on the 
basis of them,an attempt has been made in recent years to deprive India 
of much of her originality and antiquity in Astronomy and Mathematics 
by creating an element of doubt about the date and authorship of a book 
by one of her earliest known astronomers and mathematicians of note, 
Aryabhata. The attempt originated with Kaye t and has subsequent- 
ly been much eccentuated by Smith. In his recent book on the history 
of mathematics, in noticing the works of Aryabhata the elder—he has 
very little or almost nothing to say of the younger Aryabhata—on no 
less than five occasions, -Smith has warned his readers not to forget 
the so-called uncertainty about the date and authorship of the Gaza, 
a section of his works. Smith as also others seems to have been 

ï influenced by Kaye who would find foreign influence, particularly the 


* Al-Biruni’s India, English trans. by Sachan, Vols. I & 11, London (1910). 

+ Kaye, Aryabhata, Journ. Asiat. Soc. Beng. (1908), p. 111. 

t Smith, History of Mathematics, Vol. I (1923), & Vol. II (1925), p. 156; also 
the footnotes on the pages I. 158, 156; ТІ, 379, 444. Cf. also p. 308, 
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Greek, in all Indian writings.* Al-Biruni’s statements, though 
occafionally emphatic, do not bear the scrutiny of higher criticism 
and will be found almost confusing in the light of that. 


Works of Aryabhata ` 


Al-Biruni has attributed three works to Aryabhata—without speci- 
fying which of the two writers of the same name has been meant—viz., 
Dagagitika, Áryágta$ata and Tantra. The first two treatises have also 
been referred to by Brahmaguptat and Al.Biruni must have first learnt 
of them from his works (ef. 1. 306). For he has stated that none of 
these works were available’ to him and that all his knowledge about 
Aryabhata was derived “ through quotations from him given by Brah- 
magupta” (1.370). The other work has not been noticed by any 
previous Indian writer and we have no further information about it. 1 
After Brahmagupta, the works of Aryabhata are known to have been 
alludedto by Bhattotpula (966 A. D.), Prithudaka-Swami (c. 975 A. D.), 
Bhaskaracharya (b. 1114 А, D.) and most of his scholiasts such as 
Ganega, Munigwara and Jiianaraja who lived about the sixteenth cen- 
fury of the Christian era. 1 appears from the quotations of these 
writers that Arya bhata’s treatises were in their hands. They were, 
however, lost in subsequent time and in the beginning of the nineteenth 
century, Colebrooke wrote: “А long and diligent research in various 
parts of India has, however, failed of, recovering any part... of the 


* To gauge the effect of Kaye’s propaganda against Indian Mathematics, the 
following papers may also be consulted: F, Cajori, “ The Oontroversy on the Origin 
of our Numerals,” Scientific Monthly, IX. 458: L. М. G. Filon, '* The Beginnings of 
Arithmetic,” Math. Gaz. (1925), p. 413. 

+ Brahmagupta, Brühma-sphuta-siddhdnto, ed. Pandit Sudhakara Dvivedi, Bonares . 
(1902), ch. XI, verse 8. Also compare the whole chapter. ` 

1 Lassen (Indische Alterthumskunde, ii, 1186) was of opinion thnt by Tantra Al. 
Biruni referred to а commentary of the Surya-siddhünta by Aryabhata (cf. Wilson, 
Mackenzie Collection, i. 119) and in this réspect he has been fnrther corroborated by 
Bhüu ОЙ (vide «nfra). This surmise is not at all free from donbt. Forno Indian 
writer anterior to Al-Biruni er even to Bhüskasráchürys is known to have alluded to 
such а book; nor was в copy of it in the hands of Al.Biruni. What is then the 
source of his information about its existence? Just before his statement about a 
Tantra by Aryabhata, Al.Biruni has written that there were two classes of literature 
— Tantra and Karaya—slightly inferior to the Siddhüntas, It might be that by 
Tantra he simply meant а work of that class. And we know on the- testimony of 
Brahmagupta and others that the Aryabhatiya consisting of the Daéagitika and the 
Aryagtasata is a Tantra, 
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Algebraic and other works of Aryabhata.” * The manuscripts of the 
Dagagitika and the Aryabhatiya were unearthed for the first Ыше by 
Bhanu Юа} in 18644 He detected in them almost all the references 
and quotations from the works of Aryabhata by later Indian writers. 
So Bhau Пай pronounced his manuscripts to be genuine copies of the 
original treatises of Aryabhata, According to the accounts given in the 
opening verse of the Gayita and in the tenth verse of the Kàlakviyà, two 
sections of the Aryabhatiya, the book was composed by Aryabhata at 
Kusumapura in the year 499 A. D., at the early age of 28. So he was 
born in 476 А. D. ; and this date has now been generally accepted by 
scholars. The Aryabhatiya is the name given by the author to his 
treatise. a 
Praise of Aryabhata and his followers 

Al-Biruni seems to have been full of admiration for Aryabhata and 
his followers, who gave him “the impression of really being men of 
great scientific attainments” (I. 227). Не accuses Brahmagupta for 
undue harshness and animosity against Aryabhata; for he writes: “ Now 
it is evident that that which Brahmagupta relates on his owm authority 
and with which he himse'f agrees is entirely unfounded; but he is 
blind to this from sheer hatred of Aryabhata, whom he abuses excess- 
ively....... He is rude enough to compare Aryabhata for a worm which 
eating the wood, by chance describes certain characters in it, Without 
understanding them and without intending to draw them.......In 
such offensive terms he attacks Aryabhata and maltreats him” (I. 376). 
These are very harsh words indeed. On another occasion Al-Biruni 
remarks that what Brahmagupta thinks to be a fault of self-contra- 
diction by Aryabhata is really a fault of the text, not of the author. 
(I. 168,) Referring to a quotation from Aryabhate by Balabhadra 
(Г. 244-46), Al-Biruni criticises him in strong words and shows that 
“АП that Balabhadra produces is foolish both in words and matters.” 
Again at another place: “То Balabhadra it is just as easy to prefer 
tradition to eyesight, as it is difficult to us to prefer doubt to a clear 
proof. The truth is entirely with the followers of Aryabhata......” 
(1. 227), 

In this way Al-Biruni has defended Aryabhata against the calumny 
and misrepresentation of his unfair critics and that shows his faith in 
Aryabhata and his high scholarship. On the other hand he accuses 


* Colebrooke, Miscellaneous Essays, ii. 380. 
+ Bh&u Daji, “ Brief Notes on the Age and Authenticity of Aryabhata, eto., ” 


Journ. Roy. Astat. Soc. (1864), p. 392. 
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Brahmagupta who, inspite of being the most distinguished of the 
Indian astronomers, has, in his opinion, consciously sacrificed the 
true science by muddling it up with the Paur&nic legends and 
popular superstitious, probably to escape those dangers which cost 
Socrates his life (I. 110 sgg.). Owing to all these various reasons, 
it is very likely, that there grew up in Al-Biruni’s mind a lurking 
suspicion if Brahmagupta had rightly quoted Aryabhata. For he 
has thrice complained for not having got a copy of Aryabhata’s work 
(I. 370; II. 16, 33) and each time on an occasion of writing about his 
teachings depending on the quotations by Brahmagupta. _ 


The Book of Aryabhaja of Кивитариға 
Al-Biruni has several times referred to a book of Aryabhata of 
Kusumapura * (I. 176, 246, 316, 370) and in such a manner as to indi- 
cate that he had a copy of the book in his hand. Sachau thinks that it 
was a Sanskrit “book by Aryabhata, Junior" (I. Pref, р. xxix; of. 
р. х1). That is very doubtful. For we miss any such book in the list 
of Sanskrit works on Astronomy, Astrology, etc, (I. 152-8) which were 
either seen by Al-Biruni or which came to his knowledge. The list 
contains only three books by one Aryabhata, viz., the Dagagitikd, the 
Aryastasata and Tantra. It will be noticed that the list is nearly 
accurate as regards the works of Varühamihira, Brahmagupta, and of 
Bhattotpala. Besides, the list contains the works of several other 
minor writers. It cannot be said that he meant one of the first two books. 
We have already heard of his complaints in this respect. Further had 
it been so, it should have occurred to a critical reader like Al-Biruni 
to compare Brahmagupta’s quotations with his copy. On one occasion 
(I. 878) he has, however, referred to a small book of Aryabhata of 
Kusumapura. Sachau failed to decipher the correct reading of the title 
and took it to be Al-ntf (?). This is probably the Arabic rescension of a 
book the Sanskrit original of which cannot be recognised now (vide infra). 
We do not know if the quotations attributed by Al-Biruni to Aryabhata 
of Kusumapura have been all culled from this book. There is at least 
one which, however, seems to have been taken from Balabhadra. That 
the book was much mutilated-in translation and became full of errors, 
ің at once clear from the attempt of Al-Biruni to amend it here and , 
there (cfi Г. 146 + 


* Are we to infer then that the Aryabha/tya is the book of the elder Aryabhata? 
Vide infra, р. 13. 

* About the introduction of Aryabhata’s works into Arabia, see Colebrooke, loc, 
cit. pp. 424 sq., 45% sq. 
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The Arya-siddhanta—its Date 


There is another work called the Arya-siddhanta by an author who 
calls himself Aryabbata.* This is a larger work of 18 chapters and 
hence is sometimes called the Maha-Arya-siddhanta ог simply the 
Mahüsiddhanta by contrast with the Aryabhatiya which is smaller and is 
then called the Laghu-Arya-siddhanta. Іп 1863, from an inspection of 
two imperfect copies of the manuscripts of the Arya-siddhanta, 
Hall announced that “as reference is made in the Arya-siddhdnta to 
Vriddha Aryabhata, there should seem to have been two writers called 
Aryabhatfa."t This guess was subsequently confirmed by Kern with the 
remark that the Arya-siddhdnta is в very poor production of a later 
writer. He even suggested Aryabhata to be only the younger astro- 
nomer's * nom de plume." f The oriental scholars have differed widely 
about the age of this writer. According to Bentley,§ he lived in the 
beginning of the fourteenth century A.D. Bhau Рай accepted Bentley. 
Both of them were wrong. For this writer has been certainly alluded 
to by Bh&skarüchürya (b. 1114 A.D.). || So he must be anterior to the 
latter. From similarity of the treatment and of forms of certain 
results in the Arya-siddhanta and Sridhara's Trigatikd, Pandit Sudha- 
kara Dvivedi infers that the author of the former must be posterior 
to the latter author. According to Sankar Balakrisna Dikshit, 
Aryabhata (the younger) lived 4bout 953 A.D.** Sewell puts the date - 
at about 950 A.D.tf We know it that he has not been quoted by the 
eminent scholiast Bhattotpala (966 A,D.) who has quoted a host of 
others. We miss his name in the list of Sanskrit authors and their 
works prepared by Al-Biruni (I. 152-8). If this omission can be 
counted as a determining factor as regards the settlement of date, it 
will have to be said that he is-even posterior to Al-Biruni (1030 A.D ). 


* Maha-siddhanta, ed. Sudhakara Dvivedi, Benares (1910), ch i, verse 1. 
f Hall," On the Arya-siddhdnta,” Journ. Amer, Orient, Soc., vi. 559. Cf. Maha- 
siddhanta, ch. xiii, verse 14. 
t Kern, Brhat Samhita, Calontta (1865), Pref, p. '59. 
* § Bentley, Historical View of the Hindu Astronomy, London (1825), p.128. 
|| Cf. Siddhanta-Siromoni, Grahaganita, .Spast&dhikürae, verse 65 (V&-aná- 
bhásya). Я - 
 Maha-siddhanta, Contents, рр. 22-28. According to Dikshita, Sridhara lived 
before Mahavira (853 A.D.), while according to D vivedi he lived in 991 A.D. 
** Sankar Balkrisna Dikshit, History of Indian Astronomy, Poona (1896), p. 231. 
++ Sewell, The Siddhantas and the Indian Calendar, Oalcutta (1924), Prof, р ix. 


64 .  'BIBHUTIBHUSAN БАТФА 


Relation between different Aryabhatas 


It is not an easy task to determine the relation between the two Arya- 
bhatas of Al-Biruni, Aryabhata of the Aryabhatiya, Aryabhata of the 
Arya-siddhanta and Vrddha Áryabhafa. No previous writer seems to 
have given necessary and sufficient attention to the solution of this 
which appears to be a riddle. There have been several partial, probably 
successful, ‘attempts but none has pushed the matter through to the 
finish. What we know from the express.authority of Al-Biruni is that 
thé Aryabhatiya is the work of one of his Aryabhatas. Bhau Daji,* 
Reinaud,t Kern,] Weber $ and;Winternitz || have all expressly identified 
ib to be the work of Al-Birnni’s Aryabhata of Kusumapura who.in - 
their opinion was born іп 476 A.D. "This.is, of course, in perfect accord 
with the accounts given in the book.. But all of them are silent about 
his elder Aryabhata. The only inference from their statements will be 
that heis an earlier writer. Kaye differed from them. He would 
separate the Gaza section of the Aryabhatiya from the rest and would 
suppose it to be the work of Al-Biruni's Aryabhata of Kusumapura who, 
in his opinion, lived in the tenth century A.D. The remaining sections 
have been attributed by him to the elder Aryabhata of Al-Biruni whom 
he has'accepted as being born in 476 А.0.4 Kaye has not given any 
good reason for his speciality in the departure from the unanimously 


accepted opinion of the previous scholars. 


^ 


Conjecture of Kaye—Unreliable 


The above supposition of Kaye will appear in a sense to be in 
keeping with the accounts of Al-Biruni as also of the баға. But on 
closer examination it will be found altogether untenable. First of all 
it will make the confusion worse confounded by the introduction of 
fresh complexities. Aryabhata’s work has been called the Aryasta&ata 


Loc. cit. 
Reinaud, Mémoire sur V Ihde, Paris (1849). 
Loc. cit. Қ 
Weber, History of Indian Literature, trans. English by Mann and Zachariae, 
London (1878), pp. 257-58. 

i Winternitz, Geschichte der Indischen Litteratur, Bd. iii (1922), p. 562. 

* Kaye, “The Two Aryabhatas,” Bibl. Math. xiii. My knowledge ofthis paper 
extends up to the abstract which appeared in the Jahrbuck d. d. Fortschrite d. Math. 
(1909). 


«ә ++ -+ ж 


TWO ARYABHATAS ОҒ AL-BIRUNI 65 


by writers posterior to him,—not Бу himself,— because it consists of 108 
verses in the Ary@ metre, АП the manuscripts so far recovered from 
different parts of India have been found to contain 108 verses including 
the Gagita. This is very significant. Kaye’s supposition will leave 
the Aryagtasata incomplete and meaningless. Hence it will be, in 
fact, creating a fresh difficulty in an attempt to meet опе. On the 
other hard there is the open hint of Brahmagupta that the бада 
is a section of a work of Aryabhata whom he has criticised.* There 
are many other cogent arguments against Kaye’s conjecture. An 
exhaustive treatment of the subject of the date and authorship of the 
Сава is, however, not possible here, so will be published separately. t 
We shall here draw attention to two more facts only in refutation of 
Kaye’s supposition. First, very little is gained by the supposition of 
Kaye, For, none of the quotations by Al-Biruni from his Aryabhata 
of Kusumspura is from the баша, whereas nearly all of them have 
parallels in the other sections of the extant Aryabhafiya ав will be shewn 
later on. .To explain this, new suppositions will have to be made. 
Secondly, on the testimony of Al-Biruni, the date of his Aryabhata of 
Kusumapura is nob the tenth e-ptury A.D. as has been presumed by 
Kaye. 


Probable date of Aryabhata оў Kusumapura— Testimony of Al-Biruni 


In criticising a quotation by,Balabhadra from Aryabhata, Al-Biruni 
has remarked: “Ido not know which of these two namesakes is 
meant by Balabhadra” (1.246). There is another quotation from “the 
book of Aryabhata of Kusumapura” which Al-Biruni seems to have 
taken from a commentary by Balabhadra.f From these two accounts 
we learn that Aryabhata of Kusumapura was anterior to Balabhadra. 
Unfortunately the date of this latter writer has not been even approxi- 
mately fixed. He has been several times quoted by Bhattotpala * 
(966 A.D.), во ће must be anterior to him. Further it has been stated 
by. Al-Biruni that a work of Balabhadra (I, 246) as also a work of 
Aryabhata of Kusumapura was translated into Arabic. Now it is known 
that “the Arabs learned from India, first under Mansur (A.D. 753-774), 
chiefly Astronomy and secondly under Harun (786-808), by the especial 


ж Brühma-sphufa-siddhünta, ch. xi, verge 43. 

+ See the author's forthcoming paper, “ Aryabhata, the author of the Ganita.” 

$ Cf. Sachau, IT. 827. Sachau seems to suggest that the quotation is from the 
Arabic translation} of Balebhadra's.commentary on the Khanda-Khadyaka of 
Brahmngupta, = : 
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influence of the ministerial family Barmak, who till 803 ruled Muslim 
world, specially medicine and astrology.” * Soon afterwards “ Arabic 
literature turned off into other channels. There is по more mention 
of the presence of Hindu scholars at Bagdad nor of translations of the 
Sanskrit." t Тһе works of Balabhadra and Aryabhata of Kusumapura 
were thus probably translated during the first period. Hence both of 
them must at least belong to the seventh century A.D. An allowance of 
fifty'years to reach the reputation of a writer.to a foreign country is not 
too much. Brahmagupta also lived in the same century (628 A.D.). 
Ав Balabhadra wrote a commentary of his Khayda-Khadyaka (665 A.D.) 
and Brühma-sphuta-siddhünta he must be assigned to the latter quarter 
of that century. Aryabhata of Kusumapura then must either be a 
contemporary of Balabhadra or anterior to Brahmagupta. It can 
hardly be accepted that a commentator of note like Balabhadra would 
commit such sad mistakes, as pointed out by Al-Biruni who had a copy 
of Balabhadra’s book. in referring toa contemporary author. They 
must have been widely separated in time. So Iam inclined to take 
Aryabhata of Kusumapura to be even anterior to Brhamagupta. Thé 
subsequent discussion will also show this latter alternative to be more 
probable. In any case we get it for certain on the testimony of 
Al-Biruni that his Aryabhata of Kusumapura must have lived before 
the eighth century. Hence the speculation of Kaye becomes untenable 
almost on every account. 


The Arya-siddhanta not a work by any Aryabhata of Al-Biruni 


In the midst of the aforesaid speculations and suppositions, it is 
very refreshing to stumble upon a surer fact, a clear and unambiguous 
decision. It is this: the author of the Arya-siddhanta is not identical 
with the author of the Aryabkafiya; he is a person distinct from the 
either Aryabhata of Al-Biruni. It is important to noie this here lest 
any one takes it to suggest that as one Varühamihira is the author ofa 
Laghu-Jétaka and a Brhajjátaka, so one Aryabhata might be the author 
of a Laghu-Arya-siddhanta as well as a Mahd-Arya-siddhanta, To prove: 
our proposition, the following chief reasons are adduced :—(1) 
None of Al-Biruni’s quotations, with the exception of the one about 
the four hypothetical equatorial towns and which again ін common 
with almost all the Indian astronomers, has any parallel in the 


+ Bachau, loc. cit, П. 813. 
+ Ibid, Pref., p. xxxii. 
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Arya-siddhénta; on the other hand there are few which are contradictory 
toit. (2) There is nothing in the Arya-siddhanta, nor anything has 
been discovered elsewhere, to suggest that Из author had at any time 
anything to do with Kusumapura. (3) The author of the Arya-stddhanta 
has followed the orthodox Smritis* whereas the author of the 
Aryabhafiya has differed from them in several important matters and 
this is the main cause of Brahmagupta’s fulminations against him 
(of. 00. 111). Some even suggest that Ње former has attempted to 
amend the defects of the latter as pointed out by Brahmagupta.t (4) 
The two authors have stated different and sometimes even contradictory 
results in many cases, such as, the arithmetical notation,f the value 
of т; the rotation and dimensions of the Earth, the division of 
the kalpa into yugas; the number of revolution of the planets in a 
caturyuga : the number of years in the different yugas; the volume of a 
triangular pyramid and of a sphere; etc. (5) In some cases, though the 
two authors have given the same correct results, the forms given are 
different, e.g., the area of a triangle and a circle, the sum of a Progres- 
sion and connected results; etc. (6) Another very important difference 
is that the author of the Arya-stddhénta has mentioned of the 
precession of equinoxes whereas it has been overlooked by the author 
of the Aryabhatiya and other writers who followed him up to the 8th 
century. The number of illustrations can be multiplied at pleasure 
. but jointly with what have been stated before about the probable’ date 
of the different authors, those enumerated above are thought sufficient 
to prove our contention.§ 2 2 


* Qf. Maha@-siddhanta, Ch. ii, verse 1. 
+ Cf. Sankar Balkrisna Dikshit, loc. cit., p. 231. 


f It was a mistake of Kern to say that the author of the Arya-siddha@nta has 
employed “ the great Aryabhata’s peculiar system of arithmetical notation.” It is" 
trae that both had had recourse to alphabets for arithmetical notation; but their 
systems are altogether different. 


$ Cf. Jogeshchandra Roy, Amüder Jyotist o Jyotisa, Calcutta (1908), pp. 281-188. 
Roy remarks that the author of the Arya-siddhanta has followed the left-to-right 
mode of putting down the numerical notations whereas the author of Aryabhafiya 
has kept to the right-to-left mode. His second statement is not strictly trae, for 
on closer examination it will be found that the latter writer has followed different 
modes in different instances and in some he has mixed up the two modes. In fact, 
it ів not essential to stick to any one mode in his notation, This is so far as the 
alphabetical numeral notation is concerned. In certain sections of his book, the 
younger Aryabhata has employed word symbol numerals where the usual 
right-to-left mode has been adopted. 


2 . 
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Vrddha Aryabhata 


Almost all the writers are unanimous in identifying Vrddha 
Aryabhata of the Arya-siddhinta with the author of the Aryabhatiya, 
Al-Biruni’s Aryabhata of Kusumapura, But Sudhakara Dvivedi 
thinks him to be a different person.* Though he has not pushed the 
matter further towards the identification of the exact, person,—it is 
not an easy task, indeed—there seems to be at least some truth in his 
conjecture. The author of the Arya-siddhanta says :t 

“Thus for the good of others, the celestial mechanics is spoken in 
my own words; part equal to the ancient science (agama). is spoken. 
Vipras should read it, none else. 

“What from the Séddhünta profounded by Vrddha Aryabhata had 
been distorted іп recensions, through long ages, I have specified in my 
own words.” ) 

In short, on his own accounts, his work is a revised edition of the 
work of Vrddha Aryabhata with necessary emendation of variant 
readings, parts rewritten and parts retained in original Hence there 
should be expected more than a general resemblance between the 
writings of the two authors. But it has been just pointed out that 
there are fundamental differences, of principles as wellas of results, 
between the two—books; no part, not a line, is common. 16 can be 
even ‘suspected if the two authors do really belong to the same school. 
It is stated by the author of the Arya.siddhanta that his teachings are 
alike the teachings of Рагабага and the two Siddhantas, his and 
Рагӣбага?в, were written when a little of the Kaliyuga was passed. 
By his Siddhànta, he must have meant the Stddhanta which he was 
editing. Now it is believed that the Pardsara-siddhanta was recast 
into its present form before the beginning of the Christian Era.$ Hence 
Vrddha Aryabhata lived, in all probability, near about that age. Too 
much compactness of the Aryabhatiya, sometimes aven to become 
ambiguous and unintelligible,|| has led some writers to suspect that its 
author had before him another larger and detailed work from which 
he.had made an abridged handbook. Is it the work of Vrddha 


* Qf. Maha-siddhanta, Contents, р. 22. 

+ Maha-siddhanta, СЪ, xiii, verses 13, 14. 

1 Ibid, Ch. ii, verses 1, 2. 

$ Jogeschandra Roy, loc. cit, p. 55. - The original S:ddhánta is believed to have 
been composed many centuries earlier. А 

|| Brahmagupta has drawn attention to it on several occasions; vide Bréhma- 
Sphuta-siddhanta, ii. 19, 83, 47, v. 21, 25; Khanda-Khadyaku, ii. 10, 

$ Of. Kaye, “ Aryabhata," р, 116; Paficha-siddhántitá, Pref. p. vi sq. ` 
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Aryabhata? There are certain other facts in support of this conjecture. 

It has already been stated that Brahmagupta had strongly denounced 
Aryabhata in the Brahma-sphuta-siddhanta. This book was written in 
his early days at the age of 30, in 628 A.D. In his later years (665 A.D.) 
he wrote а Karana, the Khanyda-Khadyaka, with the object of giving 
results equal to those of Aryabhata and of bringing them up-to-time.* 
It is strange to find a confirmed and unrelenting critic to follow the 
footprints of his erstwhile adversary in later years." It has been suggested 
that the change came under the pressure of public opinion. А хөгу poor 
compliment to the genius of Brahmagupta, the most distinguished of 
Indian mathematicians and astronomers, before Bhaskaricharya! And 
still more so when we know_it for certain that there was no persecution 
in India for convictions, spiritual or temporal. Moreover, curiously 
enough “the dimensions of the epicycles and the -positions of. the 
apogees assumed in the Khanda-Khadyaka (аз well as in the sixteenth 
chapter of the Pafica-siddhantika) differ, all of them,:more or less from 
those recorded in the Laghu- Aryabhatiya. эф АП these incongruities 
will clarify on the supposition that Brahmagupta followed Vrddha 
Aryabhata who is not the same as the author of the Aryabhafiya. 

It should be remarked that we do not find anything in the Khanda- 
Khàdyaika which may be put against this supposition. Vrddha 
Aryabhata shogld be a follower of orthodox Smritis like his follower, 
the author of the Arya-siddhanta. We cannot say if he was the elder 
Aryabhata of Al-Biruni. It isemore likely that the author of the 
Aryasiddhinta alluded to the author of the Aryabhatiya ая having 
desiroyed the teachings of Vrddha Aryabhata in his recensions by going 
against the Smritis and introducing other innovations. We do not wish 
to proceed further with the discussion in this place. We only remark 
that in this way we shall get three mathematicians and astronomers 
bearing the same -name Aryabhata instead of two as -heretofore 
believed. 


Analysis of Al-Bérun?'s quotations 


We shall nc proceed to scrutinise all references by Al- Biruni, to 
Aryabhata, whether the elder or the younger, either by a simple 
mention of the name or by quotation of a passage meant to represent 
his teaching, and see what can be gathered out of them. There are 

* Khanda-Khüdyaka, ed. Pandit Babua Misra, Calcutta University (1925), Ch. i, 


verses 1, 2. 
f Pafica-siddhüntiká, ed. Thibaut and Dvivedi, Benares (1889), p. xx., cf. the note 


by Schram, Sachau, II. 367. 
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altogether 38 such references; of these 15 are simple mentions of the 
name Aryabhata and the remaining 98 are meant to represent the 
teachings of Aryabhata. 


Firstly, analysing according to the sources, we find that Al-Biruni 
has ‘drawn from the following sources :— 
(1) Quotation by Brahmagupta :— 
І. 156, 168°, 276, 280, 370, 373, 376, 377, 386? ; 
II. 16, 17, 38, 111, 190(?). | 
(2) Quotation by Balabhadra :—I, 244°, 245, 946°. 
(3) Quotation by Puliga :—I. 266, 275(?). | 


(4) Quotation by the Arabic writer, Abu-alhsan of APahwas:— 
П. 18, 19. 

(5) “Book of Aryabhata of Kusumapura”—I. 176, 246, 316, 880, 
335, 370, : 


(6) Unknown Source :—I, 156, 157, 225, 227, 267, 2682, Е 


In the last group are included all those references which could not 
be rightly put into any of the other groups. It should, however, be 
remarked that, in it, there are two passages (I. 225, 227) which have 
been stated to be embodying the opinion of “the followers of Arya- 
bhata,” so they are probably from the 5th source. Two references 
(I. 156, 157) are simply to the name, Aryabhata. 


Secondly, analysing according to authorship, we get, 


(1) Aryabhata the elder :—1. 246, 370°. 
(2) Aryabhata of Kusumspura:—I. 176, 246, 316, 380, 335, 370, 
(3) Aryabhata:—I. 156%, 157, 168%, 225, 997, 944, 245, 946°, 266, 
267, 268°, 275, 276, 280, 373, 376, 977, 886%; 11. 16, 17, 
18, 19, 33, 111. - Ж | 
"Thus we find that a great majority of Al-Biruni’s references cannot 
be directly assigned to the one or the other of his two Aryabhatas, 
In the last group, are included three references to “the followers of 
Aryabhate.” It cannot be ascertained who have been meant by 
the epithet. 


Comparison with the Aryabhatiya: Discrepancies explained 


On comparison with the extant Aryabhatiya, it is found that almost all 
the quotations by Al-Biruni have parallels in that book. In some cases 
whole sentences are identical. Thus we can restore the correct reading 
of a doubtful word occurring in a quotation from Al-ntf (I. 370-71). 
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Sachau reads it with,a query as durtama; while the correct rgading 
according to the Aryabhatiya should be duhsama,* Tt should be 
remarked that the quotations of this class are directly from the book of 
Aryabhata of Kusumapura which Al-Biruni had with him. In the case 
of others which are taken from secondary sources agreement is not so 
exact. In в few, а sentence or a part of it agree completely but it is 
mixed up with other useless or wrong matters for which Al-Biruni has 
reprimanded his authorities. Sometimes itis: the practice with Al- 
Biruni to put his own explanatory words in the mouth of his authority 
and to pass them as original quotations (cf. I. 76; II. 110-11, 337). In 
such cases agreement will be more in ideas than in words. In one or 
two instances of this kind a few wrong words have creptin. Thus іп 
the book of Aryabhata of Kusumapura, the names of the eighth and 
ninth “places” in the arithmetical numeration have to be called Koti- 
padma and Parapadma respectively whereas in the Aryabhatiya they 
are Кой and А?бида. It may be noted that there are “places” such as 
Padma and Mahá-padma. Again in a list of nine datas prepared by 
Al-Biruni from Abu-alhasan of Al'ahwas, giving the revolutions of the 
planets according to Aryabhata—‘‘in the years of al-arjbhar, i.e., catur- 
yuga”—what have been recorded as the revolutions of the planets 
Mercury and Venus should be, in fact, the revolutions of their apses. 
It may be noted that the translator have been led into this error by 
his defective knowledge of Sanskrit. For even in the original these 
have not been expressly stated as such only to save repetition. One 
quotation has been condemned by Al-Biruni as being mixed up with what 
are foolish (I. 244).t There is another (I, 816) which must be a fabri- 
cation. f These little discrepancies might have been due іо the text 


* Aryabhatiya, Kala-Kriya-pida, verse 9 Cf. Ganaka Tarangini, р. Ч. 

+ Leaving out the foolish additions, we get a parallel in the Aryabhatiya for 
the substratum. 

T Kern has not suspected the correctness of this quotation and, on the other 
hand, considers it from a book different from the Aryabhatiya as it does not contain 
it. "The passage in question is from a book of Áryabhata of Kusumapura and it con- 
tains a reference to Prithuswimi, who is no other than the eminent scholiast of 
Brahmagupta, Prithudaka-swümi. He lived about 976 A. D. If this statement of 
Al-Biruni be correct, Aryabhata of Kusumapura must haye been a contemporary of 
Al-Biruni and in that case his acquaintance with the original should have been more 
thorough, But it has been shewn elsewhere on the basis of accounts given by AI- 
Biruni himself, that Aryabhata of Kusumapura lived before the eighth century at 
the latest. Thatis why we consider this quotation to be a fabrication, Dikshit 
suggests that Al-Biruni might have taken it from a commentary of Aryabhata and 
confounded it for an original passage. 


19 BIBHUTIBHUSAN DATTA = 


of AlBiruni, or to the Arabic translators of the original Sanskrit 
works, or to the copyists.: His Indian informants might have been 
responsible for some of the dilatations and distortions, But such 
faults are not unusual. Al-Biruni has drawn attention to several such 
instances some of which he has amended. "Referring to Alfazüri and 
Yakub Ibn Tarik who introduced Indian Astronomy into Arabia (e. 
772 А.П), Al-Biruni remarks that they even misunderstood the word 
Aryabhata (ТІ. 19) and further adds: “If we compare these secondary 
statements with the primary "statements of the Hindus. we discover 
discrepancies, the causes of-which is not known to me,” ‘IT, 15; cf. I. 
246, 308), About Arab manuscript tradition he remarks: “The Arabic 
copy seems to be corrupt like all other books of this kind which I 
know. ‘Such corrupt tion must of necessity occur in our -Arabic writing 
more particularly’ at a period like ours, when people care во Jittle 
about the correctness of what they сору” (T. 162-3). “Making due 
allowances in view of the remarks made above, it must have to-be ad- 
mitted that agreement is more than what can be ordinarily expected 
under similar circumstances. We, however, do not find parallel for 
one quotation in the extant Aryabhatiya (1. 295). % “It will be noticed 
that the passage is more of the nature of a philosophical speculation 
than an astronomical fact. However, leaving out the two fabricated 
pieces, "we find parallels in the extant Aryabhatiya for twenty quota- 
tions of Al-Biruni out of a total number of twenty-one. Hence we 
come ‘to the conclusion that, though °Al-Biruni -has collected about 
Aryabhata from various sources and under different designations, the 
Aryabhatiya i is the prime : source of all his informations. 


Aryabhata of Kuswmapura—a Myth 

" Our next attempt shall bé to ascertain the authorship of the 
Aryabhatiya to which, it has been just shewn, all the quotations of 
Al-Biruni, in the name of either of his Aryabhatas, can be traced. 
The author was certainly, anterior to Brahmagupta who, it has been- 


+ Tt is a quotation from Brahmagupta referring to ‘ће followers of Aryabhata.” 
I fail to trace ib in the Brahma-sphuta-siddhanta and the Khanda-Khadyaka. There 
sre other similar quotations attributed to Brahmagupta which are not found in his 
works There are some which һауе been much dilated. We learn from Bhaskara- 
charya (Siddhunta Siromani, Madhyamüdhiküra, Kakgidhyéya, Sloka2) that such 
were the opinions of the Purünas. So it appears that Al-Biruni has thrust the 
words of the Puranas into the mouth of Áryabhata through Brahmagupta. Hence 
neglecting this, the agreement is complete. a 
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already stated, has mentioned by name the two parts of it, viz., the 
Da$agitikà and the Aryastasata. And it appears on а closer examina- 
tion of certain passage (I. 370) as if itis the hint of Al-Biruni that 
Brahmagupta has quoted -“ the elder Aryabhata.” Who is then his 
Aryabhata of Kusumapura P  Al-Biruni's assertions about his 
separate existence-are emphatic. But facts as given by him do not 
warrant such an assumption. For all quotations in the name of the 
latter are found in the book of the former. There is no doubt that 
there existed in India, before the time of Al-Biruni, at least two 
authors, by name Áryabhata, one of whom was born in 476 A.D. and 
the other lived about 950 A.D. But there is absolutely nothing to 
indicate that Al-Biruni was acquainted with the works of the latter 
author for none of his quotations from Aryabhata of Kusumapura 
has any parallel in the work of this author ; on-the other hand, there 
is at least one quotution which is directly i in contradiction.* Further 
it has been shewn on the testimony of Al-Biruni that his Aryabhata 
of Kusumapura cannot be put to such a late age as the tenth century. 
Is “ Aryabhata of Kusumapura” then a different Aryabhata ? Such an 
inference would not be at allsafe. It is also noteworthy that there 
is no reference to two Aryabhatas in the works of Indian writers before 
the celebrated Bháskarüchürya. Under the circumstances ib appears 
to me that Al.Biruni's Aryabhata of Kusumapura is a pure myth, 
the one and the same individual has been stated by confusion as 
two distinct persons.  Sankgr Balkrisna Dikshit is almost of the 
‚ same opinion.t d | 


2 Objections met 


In making an assertion to spirit away the reality of Al-Biruni's 
second Aryabhata one must meet such objections: (1) the mention 
of Al-nij (P), a book of Aryabhata of Kusumapura; and (2) positive 
assertions of Al-Biruni. Before Al-Biruni came to India, he had 
acquired a good general knowledge of Indian Mathematics and Astro- 
nomy through Arabic translations. The faithfulness of these transla- 
tions have been questioned even by Al-Biruni himself. We have 
already drawn attention to some very sad mistakes in them, Al-ntf 
seems to be an imperfect translation of a few extracts from the works 


* For example compare Al-Biruni’s India І. 370 and Maha-siddhanta, Ch. i, 
verse 15, 
+ Гос, cit, р. 310, footnote. 
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of Áryabhate who lived at Kusumapura in 476 А.О. · Probably there 
were -not many things common to this book and the references in 
Brahmagupta’s works which were also translated. So that Al-Biruni 
failed to recognise the identity of the two writers. He had, however, 
recognised sufficient resemblance to call the one a follower of the 
other. Thus Al-Biruni’s first wrong impressions. about the existence 
of two Aryabhatas originated while he was in Arabia. In India, too, 
he failed to correct and improve upon these impressions. For inspite 
of all his attempts he could not procure a copy of the works of Arya- 
bhata. He wrote: “I have found it very hard to work my way 
into the subject (astronomy), although I have a great liking for 
it and although I do not spare either trouble or money in collecting 
Sanskrit books from places where I supposed they were likely: to be 
found, and in procuring for myself, even from very remote places 
Hindu scholars who understand them and are able to teach me” 
(1.94). Again that he could not even secure a better type of Hindu 
scholars to teach him, inspite of all his earnest efforts, will be at 
once evident from his remark: “They are niggardly in communi- 
cating that which they know, and they take the greatest possible 
care to withhold it from men of another caste among their 
own people, still much more, of course, from any foreigner” 
(І. 22), With such imperfect knowledge it is not strange for 
one to get confused and commit sad mistakes. Nor should his 
positive assertions deter us to arrive E а proper and logical con- 
clusion. In this respect it will be sufficient to draw attention to 
the fact that he has made many such baseless assertions.* He 
has put in the mouth of Brahmagupta something which is not 
found in his works. Above all he has even attributed a book of 
auguries and prophecy to the Great Buddha (I. 158). 


* Qf. Sachau, II. 265. 837 ; Pref, xxvi. 
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COLLISION OF a-PARTICLES WITH HELIUM ATOMS 


BY 
SATYENDRAKUMAR GHOST 
% . (University -College of Science, Calcutta) 


[Read the 24th August, 1924] 


Rutherford * has given a theory of the large angled scattering of 
a-particles by matter, based on the assumption that the atom consists 
of a concentrated positive charge Ne, surrounded by ап equal number 
of electrons whose distances from the nucleus are large compared to 
the dimension of the latter. Experimental investigations by Geiger 
and Marsdent and lately by Chadwick? have verified Rutherford’s 
theory. In 1914, Darwin $ extended Rutherford’s theory to, include 
the ease of the collision of a-particles with the lighter atoms of matter 
in which the latter are sev,in motion by collision with o-particles. 
Darwin assumed (1) that the law of force between the nucleus and 
the a-particle is that of inverse square, (2) that during collision the 
nucleus and the a-particles behave as elastic spheres. Darwin was 
able to show that during a direct collision between an a-particle and 
hydrogen atom, the latter would move away with a velocity of ЗУ, 
and its range would be about 4 times that of the colliding a-particle. 
Indirect experimental investigations by Marsden || showed the exis- 
tence of H particles whose ranges were several times that of the 
a-particle. Using Wilson's method of photographing the tracks of 
ionising particles, Bose { could directly photograph the tracks of the 


* Rutherford, Phil. Mag., 1911, Vol. XXI, p. 669. 

T Geiger and Marsden, Phil. Mag., 1913, Vol. XXV, p. 604. 
1 Chadwick, Phil. Mag., 1920, Vol. XL, p. 734. 

$ Darwin, Phil. Mag., 1914, Vol. XXVII, p. 501. . 

|| Marsden, Phil. Mag., 1914, Vol. XXVII, p. 824. 

4 D. Bose, Zeit. f. Phys., 1922, Bd. 12, p. 207. 
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particles and show that in certain cases they are longer than the parent 
a-particle tracks. Darwin’s theory of the scattering of the H particles 
was approximately verified by Bose. 


For several reasons it is of interest to study photographically the 
collision of a-particles with Helium atoms. The mass of an a-particle 
is the same as that of a He atom and for such types of collision Darwin 
predicted that the angle of recoil between an a-particle and a colliding 
He atom would be either 0° or 90°. Further as Rutherford * has 
shown, the range of the recoiling He atom would be the same or four 
times that of the colliding a-particle according as the He atom is 
doubly or singly charged. Оп the assumption that an Н particle is 
equivalent to a point charge, Chadwick and Bieler t have studied 
the close collision of a-particles with H. particles, They have found 
that in order to explain the results of their experiment they have to 
suppose that He nucleus is an elastic oblate spheroid of semi-axes 
about 8х10-15 and 4х10-13 е, m. moving in the direction of its 
minor axis. 

It is now generally assumed that a He atom consists of a doubly 
charged nucleus with two electrons, circulating round it. The orbits 
in which these electrons move are not definitely known but it is 

- supposed that the two orbits are mutually inclined to one another. 
Recent experiments by Millikan and his pupils f on the ionisation of 
variousegas atoms by a-particles have shown that in ordinary gases 
the atom when ionised looses a single electron. Only in the case of 
Helium about 10% of the atoms are doubly ionised by collision with 
a-particles. This special behaviour of the He atom can be explained 
on the supposition that the two electrons in the He atom move in two 
crossed orbits. 


€ 


In the following paper is described a photographie study of the 
collision of a-particles with He atoms, and we have obtained some 


important evidence hearing on the properties of the Helium atom which 
have been described above. 


The apparatus designed for the experiment is practically the 
same ав was used by Bose $'in studying the collision of 
a-partieles with Hydrogen, and also as that used by Bose and 


* Rutherford, Phil, Mag., 1919, Vol. XXXVII, p. 671. 
T Chadwick and Bieler, Phil. Mag., 1921, Vol. XLII, p. 923. 
. $ Millikan, Gottschalk and Kelly, Phy. Rev., Vol. XV, 1920, p. 157, 
Wilkins, Phy. Rev., Vol. XIX, 1922, р, 210, 
8 Loc. cit, 
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Ghosh * in photographing the tracks of recoiling rest atoms of 
Radioactive substance. The expansion [chamber С (Fig. 1а), shewn 
elaborately in Fig. 16 





r 
| 





Fieure 16 


consists of a shallow fan-shaped brass vessel, the top and front beiug 
replaced by glass. The length of the vessel is 15 c.m., maximum width 
10 c.m, and the depth 2 c.m. It is specially designed to avoid the 
turbulent motion of the enclosed gas when it suddenly expands. А 


* Bose and Ghosh, Phil. Mag., 1923, Vol. XLV, p. 1060, 
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copper wire with a deposit of Polonium is introduced into ©, through 
the hóle Н. On suddenly expanding the gas in О, the supersaturated, 
water vapour condenses on the tracks of the a-particles emitted from 
the wire at H thus rendering them visible. C is connected through the 
valve V to the graduated bottle B, which again through a glass tube 
is connected to B,. В, and В, are partially filled with water, the 
level in B, being initially higher than thatin B,. In order to fill 
the chamber C with Helium gas, we proceed as follows. The taps 
Т,, Т,, T, and T, are closed and the vac. pump started. The 
chamber C and the spaces abóve the water level in B, are exhausted 
ав indicated by the manometer М. Т, is now closed and T, opened. 
Helium from the reservoir bubbles through the water in B, and fills 
the chamber C and the space above the water level in В, till the 
munometer shows atmospheric pressure, T, is then closed. The 
apparatus is now ready for work. 


The method of expanding the gas in C is as follows. All the taps 
except T, and Т, are closed and the pump set going. The water 
levelrises in B, and comes down in B,. When thelevelin B, has 
come down to the desired mark, Т, is closed. The electromagnet 
E, is now excited. The soft iron core K attached to V is pulled up 
and thus opens the valve V. А portion of the gas enclosed in C rushes 
into B,,causing an adiabatic expansion of the remaining gas in C. 
The supersaturated water vapour condenses on the ions in the tracks 
of a-particles from the source at H, 


= 
. 


Sunlight focussed into the expansion chamber by a convex lens 
illuminates the ionisation tracks. The following arrangement is used 
for taking photograph of the e-particle tracks at the most suitable 
moment. The electromagnet E, connected in series with E, pulls a 
soft iron core upwards. The pin P attached to the core strikes against 
a lever L which releases the shutter S in front of the camera 7. The 
a-particle tracks are thus automatically photographed. The position 
of'the pin P is adjusted by means of a screw R which can be moved 
up and down and fixed аб any point. Тһе shutter can thus be opened 
at the most suitable moment. | 


Results :— 


(1) Altogether about 1,500 ae-partiele tracks are photographed. 
In one series of experiments out of a total number of 1,203 tracks 44 
produce recoil atoms. The percentage of forking is about 8:65, a value 
which is rather high in comparison to what has been observed by Bose, 
in Hydrogen. | ` р 
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(2) The range of the recoil atoms varies from 0-94 c.m. to 8:2 c.m. 
This value also appears abnormal compared to what Bose has observed 
in Hydrogen. 

(3) The angles which the recoil atoms make with the tracks of 
a-particles after collision vary from 19 99 to 6° 17 approxi- 
mately. In no single case did we obtain any photograph in which the 
angle approached 90°. According to Darwin * both the values 0° 
and 90° are- to be expected. Blackett has taken a large number of 
photographs of a-particle tracks in a mixture of Helium and air, and 
amongst them are found a few tracks of recoil atoms which make 
angles approaching 90° with that of the colliding a-particles. These 
he has taken to be dug to collision with Helium atoms. It seems to 
us that thisisa rather unsatisfactory way of identifying the recoil 
He atoms. 


So far as our results are concerned, we find that in the case of the 
long range recoil atoms, the angle of divergence approaches zero, while 
for short range recoil atoms it is‘larger. This behaviour can, we think, 
be satisfactorily explained, if we attribute like Chadwick and Bieler { 
an cblate spheroidal structure to the a-particle. When the distance 
between an a-particle and a He nucleus is large, then both behave as 
point charges of equal masses and Darwin’s theory can be applied to 
such collisions. But for very close collisions, both the nuclei orientate 
themselves so that their major axes are perpendicular to the line of 
mutual approach and then the-recoiling atom is thrown forward іп 
the direction of motion of the a-particle and the energy which is trans- 
ferred to it is greater than what it would have received under the law 
of inverse square. 


Finally we have not obtained any recoil atom track which is 
markedly greater than that of the parent a-particle. This would 
indicate that the He atoms do not exist as singly charged particles 
during the whole course of their existence as ionising agents. Recent 
investigations of Henderson $ and Rutherford || seem to indicate 
that during the whole of its existence an a-particle can many times 
alter the charge it carries and only during the last few millimetres of 
its path does it carry a single charge. 


% Тос. cit. 

+ Blackett, Proc. Roy. Soc. Lond., 1923, Vol. 103, p. 62. 

1 Loc. cit. е 

§ Henderson, Proc. Roy. бос. Lond., 1922, Vol. 102, р. 496. 
|| Rutherford, Proc. Camb. Phil. Soc., 1923, Vol, 21, p. 504. 


104 SATYENDRAKUMAR GHOSH 


Summary :— 

With an apparatus specially designed for the purpose are obtained 
Wilson photographs of a-particle tracks in Helium. 

Out of 1,203 lines the total number of forking is 44, the percentage 
being 3:65, a value which is rather high in comparison to that observed 
in Hydrogen. 

The range of recoil atoms varies from 0:94 c.m. to 3'2 c.m. This 
value also is high in comparison to that in H. 

The angle of forking varies from 1° 29 to 6° 17’ approximately, 
Contrary to what is expected from Darwin’s theory, in no case was the 
angle of forking found to be near 90°. From the fact that almost all 
the recoil atoms move in the direction of the colliding a-particle, it is 
concluded that the He-nuclens is oblate spheroidal in shape. 

No recoil atom track was found to be appreciably larger than those 
of Ње a-particles, This shows that the recoil atoms do not exist as 
singly charged particles during the whole course of their existence as 
ionising agents. 

In conclusion 1 have much pleasure in recording my indebtedness 
to Dr. D. M. Bose, M.A., В.Ѕе., Ph.D., Ghose Prof. of Physics and my 
best thanks to Messrs. S. C. Datta, Н.Р. De and J. Das. 
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RESULTS. 


5 
NEW METHODS IN EUCLIDEAN GEOMETRY OF FOUR 
DIMENSIONS. 


1. INCLINATION OF PLANES 


BY 


В. C. Boss 


l. Rectangular systems. 


Any tetrad of mutually orthogonal directed lines OA, OB, OC, OD 
emanating from a common point O, can be taken as axes of co-ordi- 
nates, ОА as the axis of ғ,, ОВ as the axis of -,, OC as the axis of ть, 
and OD as Ње axis of.;,, We will call such a system of axes of co- 
ordinates a rectangular system and denote it by О [ ABCD |. ы 

Let ОТ A'B'C'D'] be any other rectangular system. Шө1,,) 11, 
bois 2,5 bias ags lsas аз Һа» bees lass маз bras loss toasts, be the 
direction cosines of O'A’, O'B', O'C', ОТУ referred to O[ABCD]. И 
Po Pe ps P'a be the direction cosines of a line referred to 
O'[ A'B'C'D'] and р,, Pas рз, p, the direction cosines of the same 
line referred to O[ ABCD |, then evidently, 


pump $56 +0351 T0. ая 
P'a =pli a Palaa “р.а Palaa 


: у (1) 
P's=PilistPalestPslsstPalss | 
P. =PilistPalestPolsstPales | 
Let Ат Ка TIME Жы. ы ux (2) 
Ebr ы, et 7258 | 
d. В № 1а 
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, Then A? = 1 0 0 0 zl 
0 1 0 0 
0 0 1 0 
0 0 0 1 
Mo А=+1ог —1 ное; 


The rectangular system O[ABCD} is defined to be congruent to or 
opposite to the rectangular system O'[A'B'C'D'] according as Д is +1 
or—1. : E 

If the rectangular system O[ ABCD ] be congruent to (opposite to) the 
rectangular system ОТ A'B'C'D'] then the latter is congruent to (opposite 
to) the former. 


This follows from the equality of the determinants 


li P lsi hi hia Lis hs h, 

his ls 2 lsa bys i laa 1з P 
and 

lis bys 1.3 bis ls; lss lss 134 i 

1401. lss La la La hs ы 


The rectangular systems ОТ A'B'C'D' ] and ОТ A"B"O"D"] are con- 
gruent to one another if both are congruent to or both are opposite to ano- 
ther rectangular system ОГ ABCD ], while they are opposite to one another 
if one is congruent to ОГ ABCD ] while the other is opposite to it. і 

Let 1,,, lias из, о [?=1, 2, 3, 411 be the direction cosines of 
ол, ОВ, ОЮ, ОЮ and т, у, m,,, Mis, Mie [i=1, 2, 3, 4] the 
direction cosines of О”А”, O"B", O"C", O"D" when referred to O[ABCD] 
as axes. IÉpi Pray Piss Ра» [2=1, 2, 3, 4] be the direction cosines 


of O"A", O"B", О”С”, O"D" referred to ОТ A’B'C'D’], we have 
різ ЕВ т, Tum, RIS ms HET m, s 


[i21,2,3, 4; j=l, 2,3,4] e (8) 


= р 
Let Д’=| Pii Poi Psi Par ‚А = My, ‘Mg, Msg, May 


Ру» Pos Pss Раз туу May Mey May 


Pris Pas Psa Paa - My, Mgs Mga Mag 
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and let A be аз іп (2). Then from (3) we evidently have 
| A'—AMN 
Hence, A"-—-rFl. if A=+1, Д’=+1, ог, A=—1, A’=—1 
while A"——lif А=+Ь A’=—l, or, Д=-Ь A'=41 


The two theorems proved above show that rectangular systems in 
four-space can be divided into two classes, such that 

(a) any two members of the same class are congruent. 

(b) any two members one from each class are opposite. 

..Rectangular systems obtained from O[ABCD] by ап even number 

of interchanges of the letters A, В, C, D,are of the same class as 
O[ABCD] while systems obtained by an odd number оҒ interchanges 
belong to the other class. 


Let one of these classes be named class (А) and the other, the class 
(B) We shall then make it a convention to choose as frames of refer- 
ence rectangular systems of a given class only, say class (А), and shall 
accordingly restrict ourselves to orthogonal transformations which 
change the axes from one rectangular system of the class (A) to an- 
other rectangular system of the same class. With this convention we 
ean say that for any orthogonal transformation in which the axes are 
changed to lines whose direction cosines referred to the initial axes 
аге 1,,, 1, ,, biss lia (2=1, 2.3, 4) the determinant A given by (2) is 
always +1. 


9. Directed Planes. 


All the lines, planes and hyperplanes considered in this paper should 
be regarded as passirg through а common point О even when express 
mention is not made of this fact, 

In any plane we can conceive of two opposite rotational senses 
about the point O. A plare with a particular rotational sense associa- 
ted with it will be called a dérected-plane. 

Let OP, OQ be two directed-lines. Let OP be denoted by p and 
OQ by д. Let а denote the plane POQ with a particular rotational 
sense associated with it, then - a will denote the same plane with the 
opposite rotational sense associated with it. 


A 
We shall use the symbol pq (a) to denote the angle 0 through which 
р turns to occupy the position of q, 0 being reckoned + те or —ve 


7 
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according as the rotation of р is in the same or the opposite sense to 
thaf associated with a and taken so as to satisfy the inequality 


-т<0<т 
We then have 


A A A A 
24 (а) = —pg( —2) = —gp(à)-gp(—a) 


^ 
The cosine of pg(a) shall be denoted by the symbol (pg) and the 
^ 5 
sine of ра(а) by the symbol [pq,a]. It should be observedjthat (pg) 
=(qp) while [pga |= —L gp, а]. / 


^ 
If Land Г be two directed-lines in а such that W(a)=r/2 we de- 
duce from the trignometrical identity 


sin (A—B)=sin А cos B—cos A sin B 
the relation 


[2% e] GU (a!) - QU) (ql) e (4) 


Let O[ LL'MM'] be апу rectangular system and let 1, Г, m, т’ de- 
note the directed-lines OL, ОШ, OM, and ОМ! respectively. Let A p, v, 
№, р’, ә be directed-planes containing l, V; 1, т; l,m; m, m; aw, 1; 
Г, m respectively and with associated senses of rotation such that 

^ ^ ^ ^ ^ ^ 
ША) imp) т (о) mm^ M) ml) -Гт(у)--т/2. 
Then А, д, v, №, р’, у are defined to be the (directed) co-ordinate planes 


Of 2,04, Шуга, 0,24, Мата, Cty, and t,x, respectively. 


3. Lemma. If pbe any divected-line, and m, т’, 4 directed-lines in 


A 
а given dtrected-plane а, mm'(a) being т/2,, then 


(pg) (pm) дт) + (рту) (ат) ‚.. (5) 


Let т and m be taken as the axes of w, and s, respectively, the 
axes of v, and «, being two other directed-lines / and Г. | 

The direction cosines of p are then (рт), (рт), ( Pl), (о?) and the 
direction cosines of 4 аге (qm’, (д +, 0, 0. 


(pq)=(pm\(qm + (рт (ат) 
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4. Theorem. If p, q, p, 4 be four directed lines, with direction 
cosines р,,9.,р'., 9, [3=1 2, 8, 4], then 


(ра 29']= ру Ф. Ps 2. el (6) 


4' - 9 4% 4. 


remains unchanged by an orthogonal transformation. 


Let P:s oP 4. (L2 3, 4) 


be the direction cosines of p, 4, р, 4 referred to O[ABCD] and 
тб, 7, 8, (2-ші, 2, 3, 4) be their direction cosines referred to 
O[A’B'C'D']. Let 1, Г, m, m denote the lines ОА’, ОВ, ОС, OD’ 
respectively and let 1,, /,, m,, m’,(¢=1, 2, 8, 4) be the direction 
cosines of these lines referred to O[ABCD], then 


m Fa Ta т, |=| (рї) (ФР) (рт) (rm) 
8 48: 8; 5, (gl) (97) (gm) (ат) 
"„ r, r, r, | | (рї) (рї) (рт) (ут) |. 
84) Sa Sa 4, (ql) (gU) (чт) (ат) 
=| фо Ps Ps Pi "o ss he. 
(dio d» ds da Vode ba V 
S cd Pa Р» Ps Bs т, ту т, т, 
‚9: 9. 9. qd, ти; ma ту т, 


Sinca the second determinant on the left hand side is +1 according 
to the convention adopted, it is clear that [pgp'g] remains unchanged 
by a transformation of rectangular axes (from a rectangular system 
of a given class to another of the same class). 


5. Theorem, If р, В’ be directed lines in а given directed plane а, 
and q, т directed lines in another directed plane В, then 


- (pog —(pa )( pq) 
I a, = АЕ Diu о ... 7 
(e 8) (рр, alga’, В] (0) 


ts invariant for all positions of р, р 4,4 оп ће given planes. 
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~Let 1, г be two directed x in a and т, m' two directed lines in В — 


making ll (a) == and mm m'(B) ==. Then by (5) we have 
(pg) — (pm) (qm) + (рт’) (gm) 
(p4') = (pm) (фт) + (рт!) (ти) 
(p'q) = (pm) (qm; + (рт) (gm) 
` (ра)-<(рт)(4та) + (рт) (ати) 
(pq) ФФ-(та РФ 
= (рт) (рт) – (рт) рт)} (ат) (ат!) -(а тат) 


= (тор) (тур) — (тр) (тр) Had В] by (A). 
Similarly | 


(тр)(тр)-- (m'p)(mp' )z (im) (Um) — (Im т) ор, а] 


5 Ка B) PLP OPNP) — tn!) — (Im (lm). 


- 


Since 1, Г are two arbitrary directed-lines in a making (a) --т/2 
T ^ 
and m, т! are two arbitrary directed-lines in В making В) ==, 
by varying р, р’, 9, 4 while keeping 1,7, m, m fixed we see that Т(а, В) 
is an invariant for all positions of p, р' in a, and 4, g' in В. 

6. Theorem. lf p, р be directed lines in а given directed plane а 
and q, 9’ déreccted lines in another directed plane В, then 


Цо, В] = (8) 


[2429] _ T 
[2р e] Lad, В] 
is invariant for all positions of p, р! and q, q' on the given planes. 

We have already seen that the value of (рар) is independent of 
the particular rectangular system chosen as the frame of reference 
(provided the choice be restricted by the convention adopted’. Choose 
for the axes of т, and г, directed lines Г and Г lying in a und making 


A 
W(a)--[2 Let directed lines m and т’ be axes of 2, and x. 
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The direction cosines of p, p' are respectively, 
(p.i), 0,0 and (рі), (pf), 0, 0 
and the direction cosines of 4 and 07 are respectively 


(gl), (а?), (gm), (qm) ала (47), (91: (ат), (дт) 


Now (рарФі- (p) (1) 0 0 
(4) (q^) (ат) (ат) 
(р) (pl) + 0 0 


(gl) (91) (gm) (gm) 
=—| (pl) (gl) E (qm) (qm) 
| (0) (ФР 


——[pp', «]{ (02) (qm) — (qm ),qm)] ... by (4). 








(qm) — (gm) 





This shows that Па. 8] is independent of the position of œ and р’ 
ina. 16 сап be similarly shown that- Ца, B] is independent of the 
position of 4 and q' in В. а 


7. "Planes simply perpendicular to two given planes. 


Two planes are defined to be simply perpendicular when they inter- 
^ sect in a line and each contains a line perpendicular to the other. 
A plane which is simply perpendicular to each of two given planes is 
said to be a common perpendicular to both. 

Let a and | be two directed-planes. Let 1, / be directed-lines in о 


making ау and т, т’ directed-lines in В making pues 
т/2. Let p and д be directed-lines in a and В respectively, We shall 
determine the positions of p and q for which the plane P, which contains 
both p arid 4, is a common perpendicular plans to a and f, 


^ 
Let р’, q' be directed-lines in а and В respectively making pp'(a)= 


^ 
mj? and qg'(B,—-[2. When P is simply perpendicular to both a 
and б, p' and 9 are each perpendicular to P and therefore (рд’, = 
(pq)-0. Again if :pg')-(p'q)—O itis easy to see that P is simply 
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perpendicular to о and В. Hence the necessary and sufficient condi 
tions баб P is а common perpendicular plane to а and В are 


(pa^) =0, (pq)-:0 
Now (рд) S (pmY' 4а) + (рт) (дт), by (5) 
=(ml (pl) (gm) + (ml) (pl')(q'm) 


+ (m'l) (pl) (дат) + (т (pl (ату) by (5) 


But (pV) (pl), (рФ---(р?), (gm) (qm) and (дт) = т) 


(pq!) == — (mL) Cpl) (qm) — (m) (pl) (дт) 


E + (m) (pl) (qm) + (wtp) qm) е 


Pat (ре, (от) /(qm')=y, (nd) =а, (ml!) =, 


(m'l) ze, (m'l')=d 


-— 


n Ее T 

^ diem #74 - 3-9 

Phen (pl) (qm) | yray ) 

Similarly PD уы —ay +bry —c+ da © (10) 
‚ (ат) 

aS = b 1 11 

(pl')(qm’) а y+ y teeta wee ( ) 

ated) =atbe+coy+dry ... (12) 
(рї) (ат!) 


When (pg')-—'pq)—0, s and y must satisfy the simultaneous 
equations | 


b Faz—dy—c.y 0 ... (18) 
с- de+ay—bey=0 .. (14) 


Three cases may arise. 3 
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Case I. a«b-ocd-0 Е 


In this case the equations (13) and (14) are identically satis ied. 
p and 4 may be any lines whatsoever (through О) the first lying in о 
and the second in f. The planes а and В are absolutely perpendicular 
in this case. - 


Саве ТІ, bie —а[й== —@[а<=с{ 
7.е., either а=а, ӛ--с .. (15) 
от ә ‘a=—d, b-c .. (16) 


Equations (15) and (14) reduce to a single equation in this case, 
which when conditions (15) hold may be written 


b(1+2y)+a(2—y)=0 | Бе» (17) 


Corresponding to any arbitrary value of x we can always find one 
and only one value of y such that (13) and (14) are simultaneously 
satisfied. Thus for any position of p in a we can find a position of 4 
іп В, such that the plane containing p and 4 is a commmon perpendicul и 
to-a and f. 7 


A, A 
Let pl(a)=6, qm(B) —$ 
A т A т 
then, pl'(e)-— 5 +0, qm(B)—; +o 
w= (pl)f(pl')z —cot 0, y-(qmi/(qm)- —– соф $. 
Equation (17 may now be written 
a (tan 0—tan ф) —5 (14 бап 6 tand)=0 
or tan (0—4)-b/a ... .. (18) 
Equation (18) shows that in this case if the plane containing p and 4 
is common perpendicular to а and В, then the plane containing r and s 


is also common perpendicular to a and B where г ands are any two 
directed lines in a and /8 respectively making 


^ ^ 
pr(a)=qs(B). 


x 
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Again equation (11) gives 
(pq)-a cos (0—4)--b sin (0-Ф)--(ғ8). 


Hence the acute angle cvt out by а snd В on any common perpendi- 
eular plane remains constant. 
Similar results hold when equations (16) are satisfied. 


( 
Oase ПТ. Let neither of the conditions (15) or (16)be satisfied. 


From equations (13) and (14) we derive the following : 
(b? —c?) + (ab+ced)a—(bd+ac)y=0 ...® (19) 
(аъ. од) (оз —1)— (a* — 3 +e? ааа о .. (20) 
(ac-- bd)(g* —1)+ (a? +b? —c* —d? )y=0 .. (21) 


A A. . 
If рҚа), gm(B), т, y be taken as in Case IT, the last two equations 
may be written 


2(ab-F са) 


tan Баве ЕРП 


(22) 


2(ac 4- bd) 


шыйк p pote 


.. (28) 


The quadratic (20) determines two values of æ or—cot б, whose 
product is —1. Given any value of cot 0 satisfying (20), the directed- 


line p making pl (a)=0 may be any one of two opposite directed-lines. 
The linear equation (19) gives a unique value of cot ф corresponding to 
this value of cot and thus determines 0 as one of two opposite 
dirceted-Ines. The plane containing pandg is then uniquely deter- 
mined. The second root of (22) determines another common perpendi- 
cular plane in the same way. Hence we get in this case two planes 
common perpendicular toa and В These planes are obviously abso- 
lutely perpendicular to one another (as tho product of the two values 
of cot 6 is —1 and the same holds for cot $). 


8. Angles between two dtrected-planes. 


Let a and В be any two directed planes through О. We have shown 
that we can always find at least two planes, absolutely perpendicular 
to one another and common perpendicular to а and f. 


k = 


NEW METHODS ІМ EUCLIDEAN GEOMETRY 115 


Let O [LL’MM’] be a rectangular system (of class А) such that 
the lines OL and OL’ lie in one common perpendicular plane and the 
lines OM and ОМ’ in the other, Let, 1', m, т! denote the directed 
lines OL, OL’, OM, ОМ! respectively. Let y and 6 denote the 
(directed) co-ordinate plane of 2, », and ғ, æ, respectively. : 

Let p be a directed-line common toa and у, 4 a directed-line common 
to B and y, p'a directed-line common .to ё and a, and а” a directed-line 


common to Sand В, the lines being so selected as to make pp'(a)— 


^ “A A 
7/2; qg'(B)--[2. Then 29(у) and р/4(6) are defined to be the angles 
between the directed planes a and В. 
The rectangular system O[L'LM'M] satisfies the same conditions as 
O[LL'MM'] The (directed) co-ordinate planes of x,7, ала æy”, for 
O[L'LM'M] are —y and —8. Hence the angles between a and В can 


^ ^ 
also be taken to be pg( —y) and p'g'(—8). Again if r and ғ are directed 
lines opposite to p and p' respectively, they satisfy the same conditions 
as p and p. So the angles between а and 8 may also be taken to be 


^ ^ ^ ^ 

ға(у) and. т4 (8) or rg( —y) and r’g'(—8). If for example the anglos 
between а and В are 15° and 185°, the angles may as well be taken to 
be —15° and —135°, —165° and —45° or 165° and 45°. Itghould be 
observed that the product of the cosines as well as the product of the 
sines of the two angles is unambiguosly determined and we proceed to 
show that these products are equal to I(a,8) and 1[а.8] respectively. 


When p, 2, q, q! are chosen as above, we have 
(pg) -(»q)—0. - [pp', a] -- [gg В]=1 
(pq) =соѕ 6,, (р'9') —eos 0,, 
Гре, y] sin 0,, (ро, 8]-sin 0, 


where 0, and 0, are the angles between а and В 





1(а, 8) P0). 29) — (ра i(p'q) by (7 
2 ZATA ^ ^ ie 


сов 6, cos 6,-- а, В) · .. (24) 
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2 


Again the direction cosines of p, 4, p', q! referred to омм" 
are wespectively. 


(p, ( 0 0 

(4), (ql), 0, 0; 

0 0, (ут), (pm); 
ала 0, 0, (т), (ат 


ut J[ag]- Para] : 
айым [pp^, 144, В} ' or. 


= (001) (q) - (0) (gU M (fm) (д!) 
—(pm)(g'm)), by (6) 
= [рр ҮР 8] 
5 йы Meee ay ud .. (25) 
From (24) and (95) _we have 
cos (0, —6,) —1(a, B) +1 fa, В] s „. (26) 


eos (0, --0,) —Ita, В)— Ца, В] A .. (27) 


` 


Woe shall make it a convention to take values of 0, and 0, satisfying 


02 0,40,€«,  0c6,—0,9- .. 71. (28) 


With this convention the two angles between two planes are 
uniquely defined. 


9. Direction constants of directed planes. 


Let а be agiven directed-plane, Let O[LL/MM'] be chosen as the 
frame of reference. Let l, l’, m and m! denote the directed-lines OL, 
OL’, OM, OM’ respectively, and let A, р, v, M, р, и denote the 


- 
. 
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directed co-ordinate planes of луш, 2,95, 2191, 7,2,, Jv, aud 
az, respectively. Let Н 

а=1 (а, ^)— Ца, А) D) 
Ь=1(а, u)—1 о, м) 
c=I(a, v: —I(a, у) 
(29) 
Іт а, А+ Ца, №) 
g=lia, wi +109, м) 
а= Қа, о) + Ца, у) 4 


Then а, b, c, f, g, h ave defined to be direction constants of a referred 
to O[ LL'MM']. 1+ should be observed that if a, b, c, f, g, h are the 
direction constants of a those of —a are —a, —b, —c, —f, ~g, —h. 


A 
Let p and.p' be two directed lines in a making рр’(а)=$. Let p,; 
p.’ (ізі, 2, 8, 4) be the direction cosines of p and р. 


Dl) — (pl! (gl 
La, A) =x (BL m Xp) 


5. Цо,Ә)ш(рір, —p',p,)/sin $- “ 
Similarly I(o, н) =(р (Рра-раруу/віп ф 2) 
Қа, v) z (p.p, —p' Lp.) [sin ф 


Г ГИУ | (30)* 
Қа, V) (p,p', —p',p, sin ф 


Га, w) =(P4P's —p' Ps )/sin ф 
Қа, v)=(pap's —р',рз Msin ф В. 


* Ganguli defines the expressions on the left hand side of (30) to be the direc- 
tion cosines of a. (Ganguli, Analytical Geometry of Hyperspaces, Vol. 11 Art 18). 
Thus if à, b}, c;, fis 9,, №, be the direction consines of a plane whose direction 
constants are а, b, c, f, д, h then 


a=4,—f,,b=b,—9,,c=c,—h,, f=a,+f,, gb, eg, he, +h, 


These equations at once enable us to express the results obtained in this paper 
interms of direction cosines but it will be found that in nearly all cases the use 
of direction constants enables us to express our formulae more compactly. The 
close analogy between formulae (33), (34), (37), (88), (46), (47) and formulae 
(62) to (75) with corresponding formulae of three diamensional geometry should 
also be noticed, 
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Now . віп%ф--1--сов3ф 


(ру? p? ps? pP) (p +p, p? pu? 


рр’ Нор HPP s +р.р'.)° 


—(pip'a—ppi)*t (рара-рар/ + (pip',—pg,» 
sp, —p sp4)* Gap. — p pi)! papa арз)? + 
Again from the determinant identity 
Pi Ps Ps Ps 
Pu Pas P's Р. ' 
Pi Pa Ps Ps 
Ру Pa Ps Pa 
it follows at once that | ‚ 
(р.р PPa) sp. P Pa) t (psp's Раз PaP apapa) 
(р-р psp's—p'spa) 
From (29;, (30), (31) and (88) we have 


. a? -b3 4-0% —1 E ME í | n 


ВНИИ =1 — 


(31) 


(32) 


3) 


(34) 


10 То express the angles between two directed planes in terms of their 


direction constants.. 


Let a and В be twe direct ed-planes with direction constants a, b, о, 


f; g, hy and a’, V, с, р, g', М, respectively. 


Let 0;, 0, be the angles between them. Let р, р’ be directed-lines 
in a, and q, 9’ directed lines in f, the direction consinés of p, р’, 4,4 


being P.s p's, 91, 9’, ($==1, 2, 3, 4) respectively. 
сов 0, cos 0, —I(a, B) by (24) 
(pq) (pq) 


=| 2929) 1 ру (т 
. РАСА Y ©? 


Py ‘Ps Та Ps | 9: d» 9. 494 | 
РЕ LM P's p. d la 7% 9. 2 


P. d 91 9 
[ 2p 5] a2, 8] 
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Hence from (30) 
cos 0, cos 0, —I(a, X)178, X) + Ка, в) ЦВ, и) +1 (a, >)1(В8, v) 


+в, ХУ В, M)-FT(o, р) ЦВ, p^) + Ца, v)I(B, и) ... (35) 


Again sin 0, sin 0, =Ца, 8] by (95) 


= | р, Pa Pa р. | Пр, 894, 8 ]* 
44 9. (Qs 4. 
P'ha P'a Ps Ph 


4, qd, їз qa 


Hence from (30) 
—sin 0, sin б,-- Қа, АЦ, №) + Ца, w)I(B, p) + Ка, УВ, у) 


% Қа, AJIB, А) +1(а, ГВ, и) +. Ца, v)1(8, v). (36) 


From (29), (85) and (36) we have 


сов (6, ~9, .—aa! + bb’ + ce! ... (87)ї 


cos (0, --0,) —ff' +97 +hh' .. (384 


With the convention adopted іп Art, 8, (37) and (38) uniquely 
determine 0, and 6,, when a, b, c, f, g, h anda’, V, с, Р, g', М are 


known. 
-Corollary (1). 
сов 0, cos 6, = (аа + bU + ce --ff'-Fgg'--hVW) — ... (89) 
sin 6, sin 0, = (ай + bU' -- c — ff —gg'—hh') .. (40) 
* Ganguli, dna Geo. Part I, Page 31. 
Ganguli obtains expressions for cos? 0, cos? 0, and sin? 0, sin? 6,. From what 


has been proved itis evident that in extracting the square root the positive sign 
must be taken in the first and the negative sign in the second case’ 


t Sea foot-note page 117. 
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Corollary (2). 


Since the direction constants of —a and — 8 are respectively —a, 
—b, —c, —f,—g,—h and —a', —b', —c, —f', —g', —h’ the angles 
between —a and — В are the same as those between a and В. Again 
the angles $, and %, between а and — (or between —a and 8) are 
given by 


cos ($, —$,) = — aa! —bb’—ce! 
cos ($y Fea) = 77—07 — hi! : 
A фу+ф=т—@0,— 0, 
$, —4,—7—6, 46, 
Beis + Е 


Hence, if 0, and 0, be the angles between a and B; the angles between 
a and — В (or between —а and В) are т--0, and —6,. 

Corollary (3). When a and В intersect in a line, we have a directed 
line т lying in both а and f. Гер’, 4 be directed-lines in a and В 
respectively. ! 


sin 0, sin = =, gr by (25) and (8), 


=0, by (6). 
cos (0, +0,)=cos (0, —0,) or 6,=0. 


Hence one of the angles between о and В vanishes. 


Conversely when one of the angles between a and В vanishes, they 
intersect in a line. 

(40) then shows that 

The necessary and sufficient йш that a and В. intersect in a 


line 13 


ай -+ bb! cc —ff' +99 + hh’ el) (41,7 


* See foot-note page 117. Compare with Art. 17, Anu. Geo. Vol. И by 
Ganguli 
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The non-vanishing angle 0, between a and В is given by 


cos 0, =аа -F bb +=} +99’, OZO Zr . (42) 
In case 0, =0, а and В become identical. In case 0, =x, В 15 the same 
as —a. In other cases 0, cannot have the extreme values 0 and т. - 


Corollary 14. When а and В аге simply perpendicular they inter- 
sect in a line, hence by the previous corollary 


sin 6, sin 0, —0 


Again by definition о contains a directed line p perpendicular to В 
and В contains a directed line 4 perpendicular toa, Let р’, д be two 
other directed lines. in а and В respectively. 


Since p is perpendicular to B ard 4 is perpendicular to a 
(pq) — (pg) - (р/а) =0 


сов б, обв 0, = (ОР) (i ggg) 0 
(рр» «|44, В] 


cos (8, --0,) —cos (0, —0,) —0 
8, 7/2, 0, —0. 


t.e., The angles between two planes simply perpendicular to one another 
are 7/2 and 0, 


Hence from (39) and (40) the necessary and sufficient conditions 
that a and В may be simply perpendicular are 


aa! + bb! + cc! =0 
| г (48)*% 
БЕТТЕН =0 
Corollary (5). Е 
sin? (0, —6,)=1—(aa’-+bb'-++cc')* es by (37) 


= (а +b +07 )(a/? +b - e?) (аа 4 tco)? + by (33) 


-z (bc —b'c)? + (ca/—c'a)* -- (ab! — a'b)’ 


* See foot-note page 117. Compare with the condition of perpendieularity 
of two lines in three dimensional geometry. 
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As 6, and 0, satisfy (28) sin (0, —0,) is positive. Hence 


sin (0, —6,) (bc —t/c)* + (ea! —da)* + (ab'—a'b)*}?... (М) 
Similarly 
sin (9, -0,)  ((gh/ —g'h)* + (hf —h'y)* (y —'g)*]* .. (45) 


11. Isockne Planes 


Let a and f be two directed-planes and let 0, and 0, be the angles 
between them. The angles between a and —f are then by Cor, (2) to 
the last article, т-д, and —6,. 

а and B are defined to be directly tsocline in the + уе sense at an 
angle ф when 0, —0, —4 and to be inversely tsocline in the + ve sense at 
an angle ф when w—6,=—6,=¢. Again a and f are defined to be 


directly tsocline in the —ve sense at an angle ф when 0, =—0,=ф. and 
to be inversely isocline in the —Ve sense at an angle p when т--бүсш 
0, =$. 


Whena and В are івосіпе we can by the definitior of angles 
between two planes find directed lines p, p' in a and 9, Ф in B so that 
(pp')=(qq') = (04) - (pq) 20 and (р4)--(рФ) or —(p'y') according 
as the isoclinism is direct or inverse. Hence the investigations of 
Case И Art. ", apply to this case. а and В have an infinite number of 
common perpendicular planes one passing through each line of а (or В), 
The acute angle ent out by a and В on any common perpendicular 
plene remains constant. . 

Let the direction constants of a and В be a, b, e, f, g, h and а, Б.с, 


Sig, respectively, 
“When aand В are directly ВЕТ іп the 4-ve sense 0,--0,--0 


aa'+-bb'-+ec'=1, Ъу (87) 
Also ' a+b? =at 4b" +e" =l, ^ by (33) 
(a—a')*+(b—8') (с) =0, 
or a—a'=b—b'=0—0' =0. 
Again if аа =b—b'=c—c'=0, 
| cos (0, —0,) —aa' + bb сс! 
=a? +b +c =1 
9, =8.. 
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Hence the necessary and sufficient conditions that а and В may be 
directly isocline in the -- ve sense are ~ . 


a~a'=b—b'=c—e'=0 .. (46) 


Similarly 

The necessary and sufficient conditions that (i) а and B may be in- 
versely isocline in the + уе sense (ii) a and В may be directly tsocline in 
the —ve sense (iii) a and В may be inversely ?soclóne in the —ve sense, 
are respectively 


(2) ata’=b+)'=c+c'=0 (47) 
(й) f-fi=g—g'=h—W’=0 ... (48) 
ой) f+fi=gtg=h+h=0 ... (49) 
Again from (38) we find, 
If a and В are isocline in the уе sense at an angle ф 
cos 2 p= +( ff’ -F gg! +5), 0<9%ф<т .. (50) 
the upper or lower sign being taken according as the tsochinism ts direct or 
inverse. 
Similarly from (37), d 


If a and B are isocline in the —ve sense at an angle ф 
сов 244=+(aa'+bb'+cc), 0<9%ф<т 14. (81) 


the upper or lower sign being taken according as the tsoclinism is direct or 
inverse, 4 

Tt follows from Cor. (2) to the last article that if a and f[are directly 
(inversely) isocline іп а given sense at an angle ф, —a and — 8 аге 
directly (inversely) isocline in the same sense at an angle d, and а 
and —@ or —a and f are inversely (directly) isocline in the same 
sense at an angle d$. This enables us to define isoclinism between 
two planes without any reference to the rotational senses attached to 
them. 


Let P and Q be two planes. Let the directed-planes y and 8, 
obtained by associating particular rotational senses with P and Q be 
+ve-ly (—ve-ly) isocline at an angle y. The directed planes obtained 
by reversing the rotational senses with either or both of P and 0 
are +ve-ly (—ve-ly) isocline at the same angle ie—y and ô, y and 
—$ or —y and --8 are also isocline at an angle у though the iso- 


9 
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clinism may be direct or inverse. Р and Q may then be called -ьхе- -ly 
(—ve-ly) isocline at an angle y. Thus 

Two planes P and Q will be called +Ve-ly (—ve-ly) ésocline at 
an angle у, if the directed planes obtained by associating arbitrary rota- 
tional senses with P and Q are always +Ve-ly (—ve-ly) isocline at an 
angle y. - 

Corollary (1). If directed plames а and В are both directly or- both 
inversely isocline to another directed plane y in the --ve (—ve) sense, then 
a and В are directly isocline in the -- ve( —ve) sense. 

If the directed-plane а is direetly isocline, and the directed-plane В 
inversely ззос те to another directed-plane yin the -- ve (—ve) sense, then 
а and В are inversely isocline in the +ve (— уе) sense. 

This follows at once from conditions (46) to (49). Without reference 
to rotational sense the above may be stated as follows :— | 

lf planes P and Q are each isocline to a given plane В in the + че 
{--ve) sense, then P and Q are isocline in the үе (—ve) sense.* 

Corollary (2). If a directed plane a intersects in a line each of two 
directed-planes В and y directly (inversely) vsocline to one another in 
any sense, the non-vanishing angles which a makes with B and y are equal 
(supplementary). | | 

To fix ideas let В and у be +ve-ly isocline. Let the direction 
constants of В be a, b, c, f, 9, hand of y be +a, +b, +e, f^, 9’, №, the 
upper or lewer signs being taken according as the isoclinism is direct 
or inverse. Let the direction constants of a be а), b1, Gis fis 71, 24. 
If 0 and ¢ be the non-vanishing angles which a makes with В and |» 
we have from (42). 


сов O==aa, +bb, -- co, ‚ 0<0<т 


cos p= + (aa, +bb, +сс,) ‚ 0<%<т, 


the upper or lower sign being taken according as В and y are directly 
or inversely isocline, 

In the first case 0--ф, while in the second case '0—«—4. 

Without reference to rotational senses this corollary may be stated 
as follows: 

A plane intersecting in lines two given tsocline pones makes equal acute 
angles with both. 2 

* Manning, Geometry of Four Dimensions, р. 191, Art. 109, Th. 

+ Stringham, “On the Geometry of Planes in a Parabolic Space of Four Dimen- 
sions" Transactions of the American Mathematical Society, Vol. 2, p. 210, 
Art, 30 (2). E 

Also Manning, Loc. ctt., p. 194, Art, 111, Th. 1. 
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Corollary (8) If directed-planes y and 8 vary so that y remains 
directly (or inversely) isocline in the +e sense to a fixed directed-plane а, 
and 8 remains directly (or inversely) isocline to a ficed directed plane В, 
and ij 0, and 0, be the angles between y and д, then 0,—0, remains 
constant. 

Let а, бу, с, fi; Jis №, and Gy, bas Cas fas Фа, Йа be the direction 
constants of a and 8. Let the direction constants of y for a particular 
position be ay, bs, Cs, /,, 9з, Ра and the direction constants of д for a 
particular position be а,, bas Cas fas Gas hs. 

If y remains directly isocline to a in the +ve sense, and 6 remains 
directly isocline to В in the +ve sense, we have by (46) 

xi 


ау-а,, b,—b,, 0,-—06,; асса, b,—b, 0,203. 
Hence from (37) 6, —0, is constant and is given by 
cos(0, —0,)—a,a,--b,b,-Rc,o, 0=6,-6, e 


We may similarly treat the cases when (2) y remains directly 
isocline to a and 3 inversely isocline to В (i) y remains inversely 
isocline to а and 6 directly isocline to В (2%) y remains inversely iso- 
cline to а and 8 inversely isocline to f, the isoclinism beigg in the 
+ уе sense in every case. А 

Tf directed-planes у and 8 vary so that у remains directly (or 
inversely) isocline in the — e sense to м fixed directed plane a and à 
remains directly (or inversely) isocline in the —ve sense to a fixed 
directed plane В, and if 0, and 6, be the angles between y and 3 then 
0, 4-0, remains constant. 2 

Corollary (4). If planes P and Q are isocline to a given plane В at 
the same angle but in opposite senses, P and Q intersect in a line.t 

Let P be positively and Q negatively isocline to E at an angle ¢, 
Let y be the directed-plane obtained by associating a particular rota- 
tional sense with R. Leta and В be directed-planes obtained by asso- 
cieting rotational senses with P and Q such'that each of а and В is 
directly isocline to y. Let a, b, c, f, 9. № be the direction constants of у; 

9,03, бу, fis Jas у the direction constants of a and a,, bg, Cas fa, Jas 
h, the direction constants of 8. From (46) and (48) 


алау, bzb$ cmo; =}, 993, hohe 


I Manning, Loc. Cit., p. 192, Art. 109 Cor. 
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From (50) and (51) 


cos 2$ aa, -- bb, +06, — ff, +99. +В, 


Hence @,0,+6,b,+6,¢,=f,f, * gigs t hubs, 
which by Cor. (3). Art. 10 is the condition that а and В intersect in a 
' line. Hence P and Q intersect in a line. 


12. Direction constants of directed-planes absolutely perpendicular to 
each other. 


When two directed-planes are absolutely perpendicular the angles 
between them may be 7/2, 7/2 or т/2, —7/2. 


In the first case the planes are directly isocline in the --уе sense 
and inversely isocline in the — ve sense. ‘They will be called absolutely 
perpendicular іп the --Хе sense. s 


` In the second case the planes are directly isocline in the — ve sense 
and inversely isocline in the + те sense. They will be called absolutely 
perpendicular in the —ve sense. 
‘We shall denote by о! the directed plane absolutely perpendicular 
to the directed-plane a in the --ve sense, and by —а the directed 
‘plane absolutely perpendicular to а in the — ve sense. 


Tf the direction constants of о be а, b, с, f, g, h conditions (46) to (49) 
Bhow that, the direction constants of 4' are а, b, o, —f, —g, —h 


and the direction.constants of —а are а, —b, —c, f, g, h. 


It should be observed that --а/ is absolutely perpendicular to ~a 
. in the + ve sense, since the direction constants of —a are —a, —b, --с, 
=f, —9, —h. m 

. Corollary (1). If а directed-plane is directly (inversely) isocline to a 
given directed-plane a in the + үе sense, it is directly (inversely) isocline 
` to o! in the same sense, If a directed-plane is directly (inversely) isocline 
to a in the — ve sense dt is inversely (directly) isocline to а! ‘in the same 
sensa. 


The proof is obvious. 

Oorollary (2). If the angles between the directed-planes a and ‘В be 
0, and 6,, the angles between а! and B are (r[2—0,) and (v[9—6,). 

Let ao,b,c,f,g, h; а, Ы, с, ј', 9, – be the direction-constants 
of a and В respectively. Then the direction constants of а’ are 
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a, b,c, —f, —g, —h. lf $, and ф, be the angles between a’ and В we 
have by (87) and (38). - 


cos (0, — 6,) aa! + bb! 4-cc сов (ф,-%.) 

сов (9, --0,) —ff' -F gg' + = —eos ($, +a), 

0,—0,—$,—9,- and 0, +0,2=т—(ф, +Ф,) 
$,—(7/2—0,), Ф,=(7/2—0,) 


Corollary (3). Given any two directed- planes а and В, we can always 
find eight directed planes y, -у, ү, —y', 8,—8,8,—8 each of which is 
isocline to a and to В in opposite senses. і 

Let the direction constants of о and В be a, b, с, f, 9, hand a’, U, c, 
f g', № respectively. Let y and 8 be the directed-planes with direction 
constants а, b, c, f', g', М and а, b', с, f, g, h respectively. "We can then 
at once write down the direction constants of —y, —8, у, ò, -у and 
--8, Conditions (46) to (49) then show that each of y, —y. у, -у.9, 
—0, 0, —8' is isocline to a and В in opposite senses. 

Without reference to rotational senses we can write the above in 
the following way -— 

Given amy two planes P and 0, we can always find planes А, A’, 
B, В”, each of which is isocline to P and Qin opposite senses, A and A 


being absolutely perpendicular to one another and the same holding for 
B and B'.* 


13. Conditions that a given line lies in a given plane. 

Let a be a directed-plane with direction constants a, b, c, f, g, h. 
Let q be a directed-line with direction cosines 4,, 4+, 4» 4,- Required 
to find the conditions that q lies in a, 

Let р, р be directed-lines in a, with direction cosines p,; p, 


(2--1, 2, 3, 4) and making a) «fa. 
If q lies in a and makes ТИМ we have 
qg.=p,cosy+p’, зву (7—1, 2, 3, 4) .. by (5) 
Eliminating cos у and sin фу | 
а 95 94 4% 
Pi Pa Ps (|Е9 ew (52) 
Pi Pa PY. Pa 


# Manning proves this theorem only for the particular case when P aud Q 
intersect in a line, Loc, Cit, p. 187 Art. 107 Th, 2. 
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Let Ар, x, р’, и be the (directed) co-ordinate planes of reference 
agin Árt.9. Since ATE we have 
(PaPa —p3pi') -Y(o, А) by (30) 
=7(f+a) ` by (29), 
Similarly, 


(Prp's—P1'Ps )=3(9 +0), (P: P'a р p.) =h c) 


(bsp. PaPa) =3(7—а), (рар — p pi) (9—0) 
and (pop's—psP's) =}(h—0) | 
Conditions (52) may now Бе written 
(—а)„+(@—®а» + (®—о)д,=0 
(f a)g, — (+): +(g+b)g, —0 
(g —5)9, (o e)g,— (fF 2)9, —0 
(h—c)q. — (gt 5)g, +0+94,=0 


3 
| (58) 
} 
| 


These are the necessary and sufficient conditions that 4 lies in a. 
Only two of these conditions are independent for any two being given 
the other two readily follow by using the identical relation, 


(f+-0)(f—a)+(g+b)(g—b) + (h+¢)(h—c)=0 


The sbove conditions may be written in a different form,  Malti- 
plying the equations іп (58) by ga, ıs --Ф. and 4, respectively and 
adding, 


fe (a? Hargs ga Hls <4,4,29-52(4,4.:-4,4Һ20. 
We can similarly deduce that 
f=aQ,+0Q,+cQ,, g=aQ +bQ',+cQ',, 
h=aQ"?+bQ", +00", wee (54) 
а=}, 540,504), b=fQ,+9Q', 570%, 


c—fQ, +98’, +19”, .. (55) 
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where 
@, =92 +92 —9#—94#, ©.=2(4,9:—9,9,}, 


9:=2(4,9,+9,93) 


©',=2(49,9: 1:94); Q',— (q—22 922—392). 
(56) 
Q", —2:q0,9,—410:) 


Q", =2(4.9, —4105) Q^, —2(g.q, +9195), 
9", =(4 92 9° +92) 
Corollary. "Through any le q not lying in а directed-plane В we 


can always pass one and only’one divected-plane tsocline to В in а” 
given way.* 


Let а, b, с, f, g, № be the direction constants of В and 4), 9, 9з, 44 


the direction cosines of 9, when the directed-plane y whose direction 
constants are ^ 


a,b,c, aQ,+bQ,+¢Q,, aQ, HDQ +cQ’,, а0” + bQ", +cQ”, 


is directly isocline to B in the +ve sense and the directed-plane 6 whose 


direction-constants are $ 
Ж, +9Q', HAQ”, fQ, +99", TAQ"., 
[Qs +99’, +19», f 9, h 


is directly isocline to В in the —ve sense, where Q,, Q,, Qs Qu Q's, 
Q',, О”,, Ө”, 9", are functions of q,, Ya, 93, 4, given by (56). 


Again —y and —Ó also pass through 4 and are inversely isocline to 
В in the +ve and —ve senses respectively, 


14. Direction constants of common perpendicular planes to two given 
planes. 

Let а and f be two directed-planes with direction constants а, b, c, 
f,g,h and а,У,с,), g, № respectively. Let и, v, w, х, у, z be the 


+ Strigham, Loc. Cit. p. 210, Art. 30(3). 
and Manning, Гос. Cit., p. 186, Art. 107, Th. 1. 
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direction constants of any plane simply perpendicular to each of a and 
В. Then by (33), (34) and (43) : 


au+bv-+cw=0 Г (Di 
аи о cho 0 .. (7i 
fe gy +0 ms (57) iii | 
flatg'y+hz=0 S (57 )iv 
utto? tw =1 | S = (57)v 
g? у? -Ёа%:=1 we (57)vi 


Oase I. Let а aad В be not isocline and let 0,, 0, be the angles between 


them. 
From (57)i, (57)ii 


u _ ПОЕ 
(50-50) (са —ca) (ab ab) 


=k (say) 


and from (57) iii, (57)iv : 


| 
“> 
R 
|! 
m 
лт 
8 
= 





a z 
(gh—gh) ОАР) (9—79) 


But 


p u? -- v? + t0? 
(be! —b'c)* + (ea! — ela)? + (ab/ — a'b)? 





: s (44) 


= sin? (0, —0,) 


1 


кеш 0,0) 


5 1 
ні milarly РА = + sin (0, +8.) . 
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Thus the four sets of values of ч, v, w, т, y, 2 satisfying 


“ v 10 1 


06) = (Яо) = (аў—а%) + ян. 6.) 

(58) 
СКЕ СРЕ ОИЕ ETE 22) 
Gii—gh) OF-A -T ~~ sn (0,+0,) J 


give the sis direction constants of the four directed planes simply perpendi- 
cular to each of a ата В. If y is one of these planes the other three are 


—y, y and —y. 


Case II Let a and В be tsocline тп the {уе sense at angle O=-7/2. 

Then a=a’, b=0', сс ora=—a', b= -Ы, c=—c’ according 
as the isoclinism is direct or inverse. The equations (57)i and (57 )ii 
become identical. 


Hence any set of values of u, v, w, т, y, 2 satisfying 
au+bv+cw=0, ти? 420° 4-0 =1 


т 


| 1 
(gh'—g’h) а р" au sin sin 26 





gives the st. direction constants x а dérected-plane, common perdendicular 
to a and B. 


Case ПІ. Let а and В be isocline in the —ve sense at an angle 
өзегі). 

Then /--/. g=g', h=h', or f=—f, g=—g', h-—M, accord- 
ing as the isoclinism is direct or inverse. The equations (57)iii and 
(57)iv become identical. : 


Hence any set of values of u, v, w, v, y, 2 satisfying 








}‹+ду+4+ = et +} у? +2 =1 
u vo w =+ 1 
(bd Бо) (са—са) (ара) ~ sin2o 


gives the sie direction constants of atlirected-plane common perpendi- 


cular to a and В. 
10 ê е 
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Case IV, Let а and (8 be absolutely perpendicular. 

Phen а= фа, b--U, cote, f=Ff, 9-9, ВИ, the 
upper or lower signs being taken according as о апа 8 are absolutely 
perpendicular in the --уе or the —ve sense. Equations (57) i and 
(57уһ become identical and so do equations (57) iii and (57) iv. The 
conditions that a directed-plane y is simply perpendicular to x are also 
the conditions that y is simply perpendicular to 9. Hence any directed 
plane simply perpendicular to a is also simply perpendicular to B. 

Any set of values of u,v, w, e, y, 2 satisfying 


au+bv-+cw=0, u? 4- o? dw? zl 
| ,. (61) 


fet gy T hazz0, ву? tzr =1 


give the sių direction constants of a directed plane common perpendicular 
toa and В. 

Corollary. If direeted-planes a and В are each isocline to a given 
directed-plane y in opposite senses, we can always find directed planes 8,— 8, 
$, —8 each of which is simply perpendicular to each of a, B and y.* 

Suppose the direction constants of y are а, b, c, f, g, № The 
direction constants of а must be of the form +a, +b, +¢, fi, gui ^v 
ifaand y are +ve-ly isocline, and those of В must be of the form 
а,,бу,в +f, +9, +h, if Band y are —ve-ly isocline, the upper or 
lower signs being taken in each case according as the isoclinism is 
direct or inverse. The necessary and sufficient conditions that a 
directed-plane with direction-constants u,v, w, ғ, ууз may be simply 
perpendicular to each of a, 8, ү are by (48) 


ач-Ғіз-Есш:-0, аи vte, в=0 
fetgythz=0,  fyetg,yth,e=0 


Hence the four sets of values of и, v, w, г, y, 2 satisfylng 


тыы ы NEL д... шу ЫН... езгі. ЛЬ... 
(be,—b,c) (са,-с,а)  (ab,— a,b) ~ sin 20, 
с E E = 2 1 


нем GFA) yf) ^ ain, 


give the six direction constants of the four directed-planes simply per- 
pendicular to each of a, f, y, where 6, is the angle of isoclinism 
between В and у and 6, the angle of isoclinism between a and y. If 
$ be one of these planes the other three are obviously —8, & and —$'. 


* Manning, Loc. Oit, p. 189, Art. 103, Th 2, 
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15. Triads of directed planes, 


Let а, B, у be three directed-planes with direction constants 


а, 8, Cry fas go В 
es bas Cay Ло Jas т 
Qs, bs, Cs, for Gar Ms 


Then а, В, у are said to form a triad of directed-planes. This 
triad will be called a regular triad if no two of а, В, у are isocline. 
If a, B, y be considered to be the primary triad then о’, «В, y form 
the complementary triad. 

Again let А be the directed plane with direction constants ~,, v,, 
01, 2,, Ууу; 2, given by 


ш, ы vi ыз ш, i 1 
(5,6-9,6) (6205—0393) (0,0,-а4;0,) sin (6,—6',) 





т di 2, 1 
(g,h,— Ish, z Ф.ў. hsfe) бя. has) - sin (0, —8,) 

where 0, and 6', aro the angles between f and у. А із then defined 
to be the polar plane of the райт of directed planes £, у. 16 із to be 
noticed that А is one of the directed-planes simply perpendicular to 
В and у, and also that the polar plane of the pair у, В is not A but — 
Similarly let the directed-planes о, v be the polar planes of the pairs 
ya and а, В respectively. Then the triad A, p, v shall be called the 
polar triad of o, В, у (It 15 understood that the triad а, B, у is regular). 
Tt сап then be easily shown that the triad А, р, v is regular and that 
its polar triad is о, 8, y. The triad Л’, м, у is said to be the Comple- 
mentary-polar triad of a, В, у 





Corresponding to a regular triad of directed planes a, B, y we thus 
get three related triads namely a’, В’, у the complementary triad, 
Л, p v the polar triad, and №, w, у the complemeutary-polar triad. 
Starting with any of those four triads as the primary triad we find that 
the other three triads form the three related triads 


The two groups of directed-planes а, В, у, а, B', у and A, р, v, 
Хм, v are so related that any member of the first group is simply 
perpendicular to four members of the second group and vice versa. 
The relations connecting the mutual inclinations of these twelve 
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directed-planes are interesting. Out of the 132 angles between the 
120, pairs, 24 angles are 0 and an equal number 7/2. The remaining 
84 angles can be at once expressed in terms of the 18 angles between 
ihe nine pairs б 


а, В; В, у; у, & 


М; у; их 

a, №; B, м уу». 
by observing that if 6,, 6',, be the angles between В and y, then the 
the angles between f' and у are also 6, and 6’, while the angles 
between В' and y or В and у are 5-6, and a 6',. Finally, we show 


in the next article that only six of the 18 angles last mentioned are 
independent and in fact we can express each of them in terms of the 
six angles between a and В, В and y, yand a. Thus knowing the six 
angles between three directed-planes forming a regular triad, all the 
angles between the 12 directed planes, iun а the given aiid the 
related triads, can be determined. 


16. Formulse ^ connecting the inclinations between directed planes 
forming a regular triad and tts polar. 


Let a, B, y be three directed-planes, with direction constants а,, b,, 
Cry fir Gry his (21,9, 3) respectively. Let А, p, v be the polar triad 
of a, В, у 

Let the angles between 

В, у; уа; а, В; 
BV; VAS Л, |; 


а, №; В, ш; у»; 


be respectively 


| 0, MP 6,18’, ; 0,, 05; 
dis $i; Pas P'a ; Фа; Ф 3 


Pi Pas Par Pai Ра, P's 5 
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Let D= а, 5, с 


and A=| fi 9, ^ 
А | Ja М 
№ 9s % 


LI 
“ - 


Let A,, B, etc. be the prepared minors of æ}, b, etc. in D and F,, 
С, etc. the prepared minors of f,, g, etc. in A. 


Then the direction constants, of А, р, v are 
A,/sin (6,—6',), B,/sin (0, —6',), C,/sin (0,--6,) 
F,/sin (0,+6',), G,/sin (0,+6,), H,/sin (6;+6',) 


where 2—1, 2, 3 respectively. 


Hence by (37) 


А,А, -FB,DB,-FC,C, 
sin (0, —0'.) sin (0, —6'.) 


cos (фф) = 
But A,A,+B,B, +0,C,=(b,¢,—b,¢,)(b,c, —b,0,) 
+ (050, —0,25)(0,0, —0,2,) 
+ (a,b, —a,5,)(a,b, —a,b,) 
№ =— (а, "+6, +5,*)(аза, +5,5, “-с,6,) 


+ (242, 45,0, +оо) (ала, +0,6,+0с,0,) 


=—cos (0, —0',) + сов (9,—6',) cos (0,—6',) 
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^ eos ($, -$',)= z208 (0, —8', ) +008 (6, -0,) cos (0,—6',) | 
о (,-%.) sin (6,—6',) sin (0, —0,) | (62) 
with similar expressions for cos (ф,-Ф.) and оф (ф,--ф;)) 2 


In the same way we can show that 


ary. соз (0, +0',) + 805 (6, +0.) cos (0, 0.) 7 
cos (Ф, +¢ 1) = 7 іп 19,4 8.) sin oa) g = i (63) 


with similar expressions for cos (ф, -ф',) and cos (¢,+¢',). J 


Again D= | 1 cog (0,—6,) соз (0,—6',) | 
| cos (6,-6,) 1 cos (0,—6',) | 
| cos (0,—0',) cos (б,-6,) 1 


=1~cos? (0,-0,)--<сов% (6,—6', )—cos* 49, —6'.) 
st 2cos (0, —6',) cos (6, —6’,) cos (6, —60'.) „. (64) 
Similarly A?=1—cos? (6,+6',)—¢os* (6,+6',)—cos? (6,--0,) 


+2cos (@,+6',) cos (0, +6',) cos (0,+60',) ... (65) 





Also, 
cos (p, Sn C; 
соз (p, —р',) cos (0, —0'.) =cos (р,-р,) sin (6, —6',) 
==сов (p,—p’,) sin (0,—0',) D ... (66) 
Similarly 


соз (p, +p’,) cos (0, +6',)=cos (p, +p',) sin (6, +6',) 


=cos (p,-Fp',) sin (6,40 ,)=A .. (67) 


NEW METHODS IN EUCLIDEAN GEOMETRY 18/ 


Now asa, В, у is the polar triad of A, р, у we can interchange the 
бе and ¢’s in (62), (63), (66) and (67). 


Thus 





ГЕТЕ СЕТЕССАСОСО 


а, sin (9 Fo) Ш 
) 


with similar expressions for сов (0,— 0',) and cos (0,—6',) 


— 


‚ ү__—сов (ф,--Ф,)--сов (ps tpa) cos ($, to's) ) 
салары sin ($, +P) sin (фу $.) c 


with similar expressions for cos (0, +0',) and cos (9,+6',) J 





. соз (p,—p’,) sin ($, —4,)—c0s (p, —p'a) sin ($,—¢',) 
=cos (p,—p',) sin (6, — p's) .. (70) 
eos (p, -F pi) sin ($,+4',)=cos (p,+p',) sin ($a +$',) 


— 008 (pa p',) sin (pite) we (71) 


Also from (66), (67), (70) and (71) 


sin (6,—6',)_ sin(6,—0,')_ sin (0,—6',) 





кү 2). SDs" 72 
sini pa) sin(@s—#s) ^ sin (by P's) (72) 
sin (0.0) sin(6,+6',)_sin (6, --0,) (73) 
sin (ф,--%,) sin (Pot p'a) sin (o, tpa) T 


- 


The similarity between the formule (62) to (73) with the 
formule connecting the sides and angles of a spherical triangle must 
have been noticed. The followlng consideratious bring out the exact 
relationship between the two sets of formule. 
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0,—6', шар, 0, —0,—:q, 0, —0', =» 


ф,-Фітлт--Р, $,—4',—7—Q, $,—4,—7—H. 


r 


The inequalities (28) show that each of p, 4,7, P, Q, R lies 
between O and т. 2 


Again from (62) 
cos p= cos 4 cos r+sin q sin т сов P > 


| 
сов g=cos 7 cos p +sin ғ sin p cos Q b 


соз r=cos p cos g+sin p sing cos В J 


р, 9,”, P, Q, E are thus the elements of a spherical triangle. 


Also 





eos (р,—р',)= М1 —cos*p—cos®q— созт 9008 р cos q созт 


(ї=1, 2, 3) 


It is thus evident that 


If 0,-6,, @„—@'„, 0,—0', be the sides of a spherical triangle, then 
ф,-Ф.. ф,--Ф.,, Фу-%. are the corresponding sides of the polar tri- 
angle and p,—p, Da—P p.p. are the joins of the corresponding 
vertices of the two triangles. 


Similarly 
If 6,46, 0, 46's; 6,+6', be the sides of a spherical triangle then 
$, 4, Ps +Ф',, Ф, to's are the sides of the polar triangle and p,+p',, 
рор Ps +p’, are the joins of the corresponding vertices of the two 
triangles. 
Thus corresponding to any relation between the elements of a 
“spherical triangle we can at once write down two relations between 
the mutual inclinatiens of the directed planes Аы», №, py 
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17. Relations between the mutual inclinations of four arbitrary 
directed planes, 


~ ера, а, а, а, be four directed-planes and let 0,,, 0',, be the 
angles between а, anda, (2--1, 2,3,4, /--2--1, ... 4) 


Let а,, b,, c,, f, gi, h^; be the direction constants of a, (¢=1, 
9, 8, 4). 
We then have 
cos (0, ,—0'; ,)=a,a, +b,b, +06,0, - 
cos (6,, +6; =f ў, +9 g; hh; 


where 2:1, 2, 3,4, j=i+l, ... 4. 


The determinant obtained by squaring the rectangular array 


a, b, 6 
ЕД 
4; 5, 65 
. 
as b, с; 
а, b, 64 


must identically vanish. 


Hence 
1 eos(8, , —0',,) сов(0,,-6,.) cos(0,,— 0',,) 


eos(£, , —6',,) 1 cos(0,, —0',,) cos(0,,—06',.) 
=0 (74) 


соз(0,,—6',з) .eos(£, , — 0',,.) 1 cos(0, , —0',,) 


< 


 со(8,,-60,.) сов(0,,-6,.) cos(0, , —0',,) 1 
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Similarly : ` . 


1 һов(6,, 50.) cos(6, , --0', ,) cos(6, 4+, ,) 


cos(6, +8’, ,) 1 Б cos(9, , -0',,) cos(0,, -F0',,) 
я =0 (75) 


сов(0,,--0,,) соз(@,, +, ) | у 1 `` вов(0,,--6,.) 





cos(6, , +0,4) cos(0,, --0',,) cos(0,, 0',,) 1 


In conclusion my best thanks dre due to Dr. S Mukhopadhyya 
under whose guidance I carried on the investigation the results of 
which are embodied in this paper. 


6- 


ON А TYPE OF SOLUTION OF EINSTEIN'S 
GRAVITATIONAL EQUATIONS 


(Parr II) 


BY 
NRIPENDRA Nate Сновн 


1. In the first part of this paper, recently published in the 
Bulletin,* it is shewn that if the line element be of the type 


ds? za, en de? ages def taze do? aos dx? 


where h’s are functions of 2,, 7у, v,, 7, and 0/8 are numerical constants 
(introduced to manipulate the signs), Hinstein’s gravitational equa- 
tions . 


Guy =0, (р, v=, 2, 8, 4) 


are reducible to the forms 


T 
w 
Q 
ч 
з 
itt 


ЗО ыы 


(ёз a, ә 
(sar beet Ga ber Ge, 07290] 





9: a Aun qu 9. - 
$ Qe? ha +( Әз, Tan ) ТАШ бада ]=, 


* Bull. Cal, Math. Soc., Vol, XVII, No. 1. 
C 
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| РГ ge 8, ô 
@ Gee [ебал 


EUN вае 
Ban" Ba, Әл, “дада ]=0, 





where m, п, т, p represent the four numbers 1, 2, 3, 4 taken in any order, 


a 
( 5 ) denotes the ratio -? ^ and stands for the expression 
а 
М ^ 


hasc hash, f thy». 


By direct integration of the above equations some particular 
solutions of Einstein's gravitational equations may be obtained, one of 
which due to Schwarzschild has been discussed in the first part. The 
aim of the present paper is to study two more cases, one of them 
leading to a solution believed to be new. | 


Тһе cases to be considered are those іп which ` ` - 


(11) kand h,, are functions of æ, only, whileh,, and h,, are 
each a function of »,, 2, ; 


(III) 4, , isa function of g, only, while each of hay, Asa, №,, isa 
function of «,, о. 5 


2. We shall take up case (IIT) first. Choosing 


4,7—0,—8,-—8,-—1l, 


we have the following five differential equations to be dealt with : 





з а 
біш 2 3 (Қызылы È h ) 


Ov 
Қасы) C У 





ð 
Әз, 


Êh, 


RE (haa hs, +h.) =0, 
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= (Аа. А ð’ 
du. Ә, (haa А. Fhag mh t+ д" (hss thia) 
Өх. Um 82 88 +4 11 022 88 44 


ə *u 9 ‚а, ð Е 
+( 85, +( КАЛУ, ~am, Ba, за а) =0, 





б much) f Ө 


88 
Oa; 





ah] 


8 
+ ja," 


2(Һ»у—Һ»») 1-25 
te 
DF 2 


"2,6 0s Hu 73] = 


Ө», 


wh. з 
С =-—е hii) { 6.2 hga 


+n “ӛз Ə (laa bliss highs) } 





шы 2(h,, —h..) 3? 
° Е { Or? 


4% 


+ 50-0 this ~h 2} =0, 
з OF 





2.78% 8 ð 8 ә 
G,,= du, Bs, Us Fr Әз, ал 4+ 


-Èh - (hss +.) =0. 
2 
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The above equations are Sorgen simplified ify we start with the 
assumption : 


ж 


б 


Boe mS 7 e @) 


‘From G,, we have then 








Babe: 09) 


The equations G,, and G,, are now equivalent to 











ae — (№ +2 —h zz 0, - E 3 

дә; 82, hss FA 22 8% 11)7 ( ) 

NE AE ə ә. e . (4 
. Gar Bx, On," d j ` ™ ( ) 


The equations G,, and б, reduce respectively to 


~ 


T 28 (8 Oz tas) S 2 


ed шаны .. (5) 


sd CATE (к. : И 


: + hsa has} =0 „. (6) 
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9 h,,——N 9 











Putting 85, д. 
and using the symbols 
. _8 д 
Н. апа К for Өлү en and т. ин 


145 


respectively, we can replace equations (3), (4), (5), (6) by means of 


© H,. 4 (9—N)H, ? — H,,H, ,=0, 


Oz, 
ә. K,,—K,,K,,—0, 
(4N—2)H,,= ON. 
Oz, 


K, 2602002) t(9N -1)B, 2}. 
1% can now be shown that 


Ә ор е20% №.) (gN—1)H, $1 —0; 
Ox, 


so that from (10) we have 


9 log K,, —0, 2.6, hs =0. 


92, 


.0* 
ðr, ðe, 


Therefore h,, must be of the form 


log ф,(х,)Ф,(а,). tes 


(7) 


(8) 


(11) 
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Consequently, h,, will be 


< 


og $a ae 


=) с, where c, is an arbitrary constant. .. (19) 


E 


Equation (7) gives 


"EXON CR 
$6) ао) 





whence /, , is obtained. 


Since Н,, is а function of z, only we infer from the above that N 
must ре a function of т, also. By integrating equation (9) its value 
is found to be 


14 2{¢,(7,)}* where с is a constant of integration. 
_ It follows immediately that 
hy log фо +t log фаб) ИСА) = 09) 
. haa =- + log $i(2,)—$091(7)0)* 
+106 Pa (23), —log Palta), w (14) 
where с, and с, are arbitrary constants. | 


Thus we have 


- 


ei =, а}, (ооо ИХ", 


Shas Еф (o M ag Hera}! 
е ={$, ("ӘР еар) , 


e? ss {ф, (1, $. (а) Р, 


ambi) x БОР m 


where the arbitrary constants c, cj, c, satisfy the condition ceg =c, 
found by substitution in (10). 
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Hence the required line element reduces after slight transfor- 


mations to: x 
— m + —Àm 4 
2 ds? = afe e dup — Ве du? 
a 
2.8, 
—0,823023 кш i deg , 0 (15)* 


where a and В are two arbitrary constants. 
3. The geodesic curves are given by 


dx, dx dr 


т 
js + {и a} E =0 (и, v, а=1, 2, 3, 4). 





Ín the space-time manifold given by (15), these equations appear 
in the form : 





da А 

ар 2 

da Ba? 54 

m ets 2» 
Ww 


d*z, (2- (F de, )* 1--ах2 a da, y 
ds? *i So asea \ ds 
yr 
e At 22 
+ i53 m А, ye aS: AH 


Tae Үү. С dr, da, 
ds? ау ds ver dr 7% 








Sale 





(А? эв #)=0, ws Gr) 


s 


where А and B are arbitrary constants. 


< It may be noted that the co-efficient of 142,% may be reduced to а function of 
ву only by the substitution loga,={ The two subsequent terms require then 
corresponding modifications. 


12 
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The above equations are complicated and do not admit of easy 
solutión. We shall, however, only examine if there is any geodesic 
curve on certain “planes.” 


We, therefore, put 


аз 6 13-0 
ds? 


in the last two equations and obtain 


1 dx, X? е, | 
i т 2 = 2 Rin 4 2. 
Қ ans Жаз X ds ) ap v,* (А Вә) . (0) 


(а у (+в) s 
Dt. 1 ds = "s At В 23 | we (at) 


The equations (v) and (vi) are consistent if 











2. 2 (ой) 


so that there are geodesic curves on the “ planes” given by (ой). 
-4. Pet us now proceed with case (IT). Choosing a’s as before the 
differential equations may be written down by putting = h, =0 


in the set of 5 equations for case (ПІ). The equations can be tackled 
as they are. 


From Gy, aud G,, we get 


Мекен к, (1) 


and from G,, and G,, we have : 


ы, È bas )«( 52%. } 








= gy аһ.) gt ath) . (2) 
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Equations (1) and (2) are equivalent to 





Bees) 
“ГЕ heat Әз?" 765,78 IER 
E +579 hass . (3) 
vy 





9 РЕС es (4) 
та 2 


The equation G,, indicates that S (has hg.) cannot involve 
nd! 


та and from equation (2) it further follows that ( Sh y 
mia v. 


al 


о ad 


8 
Әз, Oe, 


is then consistent. 





$ 
50 hss ) cannot involve #,, whence we may infer that each of 
1 


+ 





hss does not involve s, and the set of equátions 


By proceeding almost exactly in the manner indicated in the first 
part of this paper it is not difficult to obtain A's as follows: 


2+м Зам 
hy log ( aL- 8%, 


hy, =log (2+ №)е,ф,, 


hss log (2+M)ds, 


4 


м 
ha, =+} log 5+М Cas 





where c, and е, are arbitrary constants and!ó,, $, (two functions of 2.) 
satisfy the equation 


$, 0. — d, d, + 4.62 =0. 
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The most general solution of the above is given by 


e 


$, b, sin (fó,d», +b} 


where b, and b, are arbitrary constants. 


The required line element is therefore 


Ns 





dit м в,#йМ^ — (2-- М) с p dag 





— (2+ М) 6,2 віп" (f$,da, +b,} + 


c,dz ? 


M 
2+M 


which ultimately reduces by suitable transformations to Schwarzs- 
child’s form 





дв" == — қ de? — x deg —ig site des +( 1— 2n аа. 
n Ты “Oy ті 
v 


Hence Einstein’s equations admit. of no new solution of type (IL), 
any solution of this nature being reducible to Schwarzschild's form. 


In conclusion, I wish to express my thanks to Dr. N. R. Sen for. 
constant guidance in course of this investigation. 


CORRIGENDA. 


(Reference—Bull. Cal. Math, Soc., Vol. XVIT, No. 1) 


Page 40, line 19, for Z read в 
„ 40, 3» 20, » = 2 4 
» 40, » 25, $ . T 
» 42, » 7, n P Li p Ё 
, 48, » % „ from » from definition 
” 48, » 17, ” H . н’ 
» 48, 5-29, » between to ‚. between two 


» 88, » 9 » meet ‚ meet at 


1 шш 


GENESIS OF АМ ELEMENTARY ARC 


BY 
S. MURHOPADHYAYA 
(Caleutta University) 


1. Introductory. 


The development of the theory of elementary curves is primarily due 
to O. Juel of Copenhagen. P. Montel has reviewed C. Juels work in 
the Bulletin des Sciences Mathematiques, 1924, part I, аз also that of 
S. Mukhopadhyaya on similar lines which have a certain priority of 
origin. A bibliography on the subject occurs at the end of P. Montel’s 
review. 

С. Juel's concept of an elementary are is exposed by P. Montel as 
follows :— 

* Tb is necessary above all, to define the simple element which serves 
as the basis for.the construction of plane (elementary) curves, which 
we proceed in the first place to study with M. Juel Let us imagine 
an arc of a continuous curve with extremities A and B ; if this are 
encloses with the chord АВ, а convex domain, one can easily deduce 
from this the existence at each point of the arc an anterior half-tangent 
and a posterior half-tangent. То this let us add the condition that 
these half-tangents have the same direction; our are shall then 
possess, at each point, a tangent varying in a continuous manner with 
the point of contact. We shall thus obtain an elementary arc. Such 
an arc is met in two points at most by a straight line; one can draw 
to it two tangents at most from a point.” 

The definition of an elementary arc as outlined above, assumes that 
we know how to define a continuous curve in a satisfactory way—a thing 
which we perhaps donot know. The arc has undefined proportions 
and as such is of more limited use than the one defined in this paper. 

The way in which an elementary are has been evolved in this paper 
from a chain of cellular elements may prove interesting to geometers 
as a novel solution of the problem of the plane elementary arc on 
rigorous lines. 

2. Consider an ordered set of a finite number of points A, P,, P,, 
.ГР,-л» B in a restricted domain on a plane which may be Euclidean 
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or non-Euclidean. The train of n sects AP,, P,P,,...... Р,..В consti» 
thtes a linear chain of rank п. The points A, P,, P,,...... P,., B will 
be supposed all distinct, except that B may coincide with A. In the 
latter case the chain is closed and in the former case the chain is open. 

In the open linear chain of rank п there are n—1 vertices P,, P,,..., 
P,., and two extremities А and B. In the closed linear chain of rank 
т there are n vertices and no extremities. -The order А,Р,,Р........ 
P,..,, B will be called the positive order on the chain as distinguished 
from the order B, P,-_,,......P,, P,, A which will be called the negatine 
order on the chain, 

Each of the sects AP,, P,P,,...... P,.,B wil be called a trace of 
the chain. The trave PQ will be considered positive or negative 
according as P precedes or succeeds Q in the positive order on the 
chain. The extremities P and Q will be included in the trace PQ. 
Two consecutive traces PQ, QR can have only one point Q common 
unless they overlap. If no two non-consecutive traces have a common 
point and if two consecutive traces have only one point common, the 
chain will be called simple. 

3. If PQ and QR be any two consecutive traces of & simple chain, 
Р, Q, В being in positive order, then QR will be either to the right or 
to the left of PQ or in the prolongation of PQ. In the first case the 
chain will be said to have a positive trend, in the second a negative trend 
and in the third case a zerotrend, atthe vertex Q. The absolute 
amount of the trend at Q is measured by an angle less than two right 
angles between the directions of PQ‘and QR taken positively. 

Т a simple chain has at every vertex Qa trend of the same sign, 
with the possibility of a zero trend at some, the chain will be called 
monocline or of unilateral trend. A monocline chain may be either 
positively or negatively so, that is, it may be either of dextrolateral, 
or of levo-lateral trend, 

А simple closed mono-cline chain is called a conver polygon. We 
may suppose that іп a convex polygon the trend does not vanish at any 
vertex, so that there are exactly n bounding lines in а convex polygon 
of rank п, consisting of the п traces of the simple closed mono-cline 
chain which defines it. 


Theorems. 


4. (4) A convex polygon lies entirely on the same side of each of tts 
bounding lines, that ts if PQ be any bounding line, taken in the positive 
sense, all the other bounding lines will fall on the right side or left side 
of PQ according as the polygon is positively or negatively monocline, 
vespeotively. 
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(či) No straight line which does not pass through two consecutivg 
vertices can meet a conver polygon at more than two distinct points. 

It is usual to assume Theorem ($) ав the distinguishing property 
of a convex polygon and to deduce Theorem (ii) from it. Theorem 
(2) however сап be proved from definition of a convex polygon as 
follows ; 

Suppose if possible, that such a polygon lies partly on one side and 
partly on the other side of a bounding line PQ. Suppose NP and QR 
are respectively the bounding lines which immediately precede and 
succeed PQ, N, P, 0, R being in positive order on the polygon, which 
we will suppose, has a dextro-lateral trend. Then NPand QR lie on 
the right-side of PQ, but as part of the polygon lies to the left of PQ 
by hypothesis, PQ meets the polygon again at some point X. Suppose 
X lies on PQ produced towards Q, so that the part of the polygon 
between Q and X lies wholly to the right of PQ, as QR is to tbe right 
of PQ. Turn ОХ about Q towards the right till ОХ falls along QR, 
Then X will either coincide with R or have a distinct position X' on 
QR produced towards В. Іп the former case, suppose RS is the 
bounding line immediately succeeding QR, so that X finally travels 
along RS to reach R. RS is therefore to the left of QR whereas PQ is 
to the right of QR, which is impossible as the polygon has a unilateral 
trend. . 

In the latter case, turn RX’ again to the rignt till RX’ falls along 
RS. Then X' will either coincide, with S or will have a distinct 
position on RS produced towards S. 

The former is impossible and the latter leads to the repetition of 
the process of rotation to the right. But the number of vertices of 
the polygon which may lie between Rand X is finite and consequently 
the number of possible rotations to the right will soon be exhausted, 
rendering the alternative position of X impossible. Thus Theorem (2) 
cannot be false. 

To prove Theorem (ii), suppose, if possible, a straight line other than 
a bounding line meets the polygon аб three distinct points U, V, W, іш 
positive order on the polygon. Then V must also lie between U and 
W on the straight line UW as the polygonal chain is simple. Suppose 
V is an interior point or eud-point of the bounding line PQ, So that 
U and W lie on opposite sides of PQ. The portions UP and QW of the 
polygon will therefore lie wholly or partly on opposite sides of PQ. 
This contradicts Theorem (2). 

5. Consider a simple chain A P, P, ...... P,.,B of unilateral trend 
all of whose vertices lie on the same side of. AB. Such a chain may be 
called a conver chain. 
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. Suppose all the vertices of a convex chain AP,P,...... P,_,B are 
tnterior points of a triangle АТВ ,such that the angle between АТ 
produced and ТВ is less than a given acute angle a. Also suppose АВ 
is less than a certain length 1, so that the exterierangle theorem holds 
for the domain enclosed by the triangle. The triangle ATB will be 
called the principal cell of the chain and the chain AP,P,...... P,.,B 
will be called an elementary chain of cell-angle<a and base АВ <I 

If NP, PQ, QR be any three consecutive traces of an elementary 
chain in cell ATB then each of these traces produced positively will 
meet TB and produced negatively will meet AT. Consequently NP 
produced positively and QR produced negatively will intersect at some 
point U interior to the triangle АТВ, such that the angle between the 
positive directions of NP and QR isless than а. Also PQ<AB<1, for 
if PQ produced meets AT at U and BT at W, then 


PQ<VW<VB<AB. 


The triangle PUQ will be called an elementary cell on trace PQ or 
carried by trace PQ of the elementary chain A P,P,............P._,B. 

The elementary cell on initial trace AP will bea triangle AXP, 
where X is the intersection of P,P, produced negatively and a line 
AX which lies between AT and AP and determined in any consistent 
manner. Similarly the elementary cell on final trace P, ,B is a 
triangle BYP,., where Y is the intersection of P,_,P,_, produced 
positively and a line BY which, lies between BP,., and BT and 
determined in any consistent manner. 

The elementary cells carried by the successive traces of a given 
elementary linear chain form an elementary cellular chain carried by 
à given elementary linear chain. It may be observed that each ele- 
mentry cell falls entirely inside the principal cell of the chain with the 
exception of the initial and final elementary cells which have a corner at 
А and В respectively. If PQ and RS are two non-adjacent traces of 
the elementary chain then the corresponding elementary cells will‘ le 
entirely outside one another, ` . 

6. The length of the longest trace of alinear chain will be called 
the head of the traces and that of the shortest trace will be called ‘the 
tail of the traces. The magnitude of the largest of the elementary 
cell-angles of a cellular chain will be called the head of the cell angles 
and that of the smallest of the cell-angles will be called the Фай of the. 
cell-angles. 

If the rank of a given elementary chain с be increased by the 
interpolations of additional vertices between pairs of consecutive 
vertices of the given chain and the new chain с' thus obtained be 
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also elementary, “then o will be called a gemmatic ¢.tenston of c or 
gemmatically derived from в, provided ° 

(2) the order of the vertices of c is the same in c and с. 

(ii) the extremities of с and с are the same. 

(iii) the principal сей AT'B of с is the same as the principal cell of 
с or falls within it. 

(iv) the initial and final elementary cells of с fall within the initial 
and final elementary cell respectively of с with the points A'and B 
respectively common. 

If PQ be a trace of c and P'Q' of с such that tbe vertices P’, 0) of c' 
fall between P, Q, 2.е., the points P, P’, О’, Q are vertices of с' in order, 
then P'Q' is said to have been gemmatically derived from PQ. Р' may 
however coincide with P or Q’ with Q. Тһе elementary cell carried by 
P'Q'inc' is also said to have been gemmatically derived from the 
elementary cell carried by PQ inc. 

7. А system of elementary linear chains c,,c,,......... РИТЕ 
such that each chain except the first is gemmatically derived from the 
one just preceding it, will be called a gemmatic system of elementary 
chains, 

Similarly a system of cellular chains cerried by а gemmatic system 
of elementary linear chains will be called gemmatic. 


Each of the above two systems will be called regular if the heads of 
the traces of б,,бу,.. ......б„у......... form a monotone decreasing sequence 
of zero limit and the heads of the elementary cell-angles of ¢,, cq)... 
Cr, also form a monotone Sequence of zero limit. A 

A sequence of traces і,,%,,......... КАЧ КҮС belonging respectively 
to Chains б,, €,,.......-. ‚ б,, of a regular gemmatic system, which are 
such that each except the first is gemmatically derived from the one 
just preceding it, will be called a regular gemmatic sequence of traces, 
The corresponding elementary cells belonging to c,,c, 
respectively will be called a regular gemmatic sequence of cells. A 
regular gemmatic sequence of cells will necessarily have a unique 
limiting point which is also the limiting point of the corresponding 
regular gemmatic sequence of traces. 

1f PQ and RS be two non-adjacent traces of an elementary chain 
с, the corresponding elementary cells of c will entirely lie outside each 
other with no point commcn and consequently the limiting points of 
any two regular gemmatic sequences of cells derived from them will be 
entirely distinct. ` 

An elementary arc may now be defined аз the aggregate of limiting 
points of all possible regular gemmatic sequences of elementary cells 
$1, базееә Eppe belonging respectively to a regular gemmatic system 
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of cellular chains, ¢,, Casses Cp... More briefly an elementary arc may 
be defined as the limit of a regular gemmatic system of cellular chains. 

8. The following properties of an elementary linear chain are 
evident. | 


(4) No straight line other than one passing through two consecutive 
vertices can meet an elementary chain closed by its base AB at more than 
two points. 

(ii) The successive traces AP,, Р.Р,....Р, В of an elementary chain 
meet when produced negatively and positively the sides AT and TB 
respectively of its principal cell at two ordered rows of points A, U,,U 
П,.. and V,.,, Га»... Vy, B. 

(4%) Every part of an elementary chain is an elementary chain. 

(iv) If a роті P travels continuously from А to В along the chain, 
the distance AP continuously increases and distance BP continuously 
diminishes. 


ges 


The corresponding properties of an elementary arc may' be 
rigorously deduced : 

(2) No straight line can meet an elementary arc in more than two 
points.. 

(%) There exists a tangent at each point P of an elementary are 
which changes tts direction continuously in the same sense as Р iravels 
from A to B along the are. 

(2%) Every part of an elementary are is an elementary arc. 

(iv) If а point P travels continuously from А to В along the arc, 
the distance AP continuously increases and the distance BP continuously 
diminishes. 
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ON THE EXPANSION OF THE WEIERSTRASSIAN AND JACOBIAN 
ELLIPTIO FUNCTIONS IN POWERS OF THE ARGUMENT 


BY 
"6, С. Mirra 


(Dacca University) 


The object of the present paper is to obtain the expansions of 
%(ш), зп (и), еп(ш) and dn(u) in ascending series of и. It is believed 
that no previous writer has obtained the expansions of %(и), вп(ш), 
en(u) and дп(и) beyond ш18, «?, and из respectively. І have, in this 
paper obtained the expansion of %(ш), зп(4), en(«) and 4п(и) as far 
as 4**, 4?! and и18 respectively. 

Му best thanks are due to Dr. Ganesh Prasad, D.Sc. who kindly 
suggested the problem to me. 


Expansion of @(u). 


I. We know that %(ч) satisfies the differential equation 
a 3 
(21) =4у° дуо. > @) 


Differentiating (1) we get the differential equation 


To solve this equation we assume 


1 А 
= teu? и M equo +... $6, и"... 
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Substituting in (2) we get the well-known relation 


3 
(n—2) (Qu +3) DOES боба nag +... 


Can =| 


T6405 E (3) 


Substituting for y in (1) and equating the co-efficients of &*' and 
ш“, we get 





EP, Er, 
аза», Cam 


Hence from (3), we geb 





= Js - 
s = 91.83.52 ' 
в. = _ 39:98 ^ 
" 24-5-7-11 


8 з 
= E 


с „= — 99 
7 25.85-51.71 


" №} 298505 __ + gg } 
167719 (98.53.7.11:13 28.73.13 


i { 792 + 979295 | 
зт (99-83-85 18-17 


бат 28-5-7-11*-13-17 
s { Я ИЕ ta E qe | 
930775 (99.3-5*-11-13-17-19  21-5:7*-11:13-17-19 
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+ 25 9393 


zu gs а аач раи. 
6337735 { 911.$з.5з.185.17 2*,71.11%.18#-17+19 cx 


150,5 } 
+ Tr +182 .19 


6,4735 1 neq rp po 191 g? gs | 
$757 | 911.54.7.11.18.17.19:93 ' 98:73.113:18:17:19:03 


ЕҢ ТЕ elem to ШЕЕ 
$9739 (g13.8.57.133.17 — @11-53-7-119.13#17-19-98 


6471 g | 
оз: 53.78.11. A Т7: 19. -23 


NER DO 
35 731 (21%.88.56.7.11.18%.17.19.98 


oor MEN МВ. 
29 -9-0*-7*-11*-19* 17-19-28 -28.5.75.133.19 





Сзо = 


: f 2453 g 1006099 4,5 gè 
210.88.658: Te 175-29 21-8771 - 11-133 173 19-23-29) 


+ 8105017 9:2 g£ | 
910.53.7*.11.132.173.19.28.29 


А 49871 4:7 g, 
сәті» 
Benet БЕНЕН ЕСЕДІ 


ё 


p 240263 04 д2 
91.3.53.7. 13.133 -17 19-23-29-31 





3693 4,42 ) 
Жаа: .5-М3-13%.17.19.923.90:81 
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NN 497 g; 
84-737 (2171.83.56: 5s: 173.29 


n 30458088737 4,5% gè 
$1s:33. 5: 7- 115-135 -175-195-23:29-8 


192378650673 g $ 94 489 8 


tg; 53,78.118.133.1/3.19%.93.90. ait a 75. 197 31 


Eapansion of вп(и). 


2. Fricke has shown that 


avt 
deni eren, dn [a 0-32, sn? + ба, snt +... 


+ (2o-- 1)a, sn?” } 


and 


d****? gn 


v 


The cõüsecutivë co-efficients are connected by the relation 
a 0*9 = (gu 1) kay — (Фр на )аб) 


жар 2) бр в № 
where k is the modulus. 


ТЕ we assume that 


us uë ut 
sn(u)=u +a, 13 +a, P. +a, га + 


di 
then а = | ann 809 I 


+ pio Eiliptischei Funkiionen Und Ihre Anwendungen, Vol. I. pp. 396-408, 


j 


ura шеп [a, 6*0 +а,®+1) вп? + he 308718 | а 


(4) 
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(v) 


Therefore a= > Ы 


From (4), we have 


(1) (1) 
ay ау 


=—(1+k?*). =2k*. 


2 
aO eaae), а Lage ee), 


4% ш245%, 


8 
aC = (14-135 41951 +k) 


аб) =k» (1824-86812 -- 18214) 


aC = —8404* (1+), a 17904. 


а =(14 1228k? 4-547815 +1228k° + k*) 


49... 49(1640 2659014 -- 9652014 -,164048) 


at ш» (23184-+82656k° 49218405) 


4 . 
aC == —60480%°(1+№*). 

4 
aC? =40320%°. 4 

5 
a = (1411069 4-1658261 + 16562615 451106088 + Ез) 


a P y (14769 4-719576 № +2141436%* 4 71957615 5146212) 


a = kt (599980. 550440015 + 550440014 4-599280%* 


aU =ke (8659040 -4- 113097601? + 36590401) 


5 
aU = —6652800k8 (14-k*) 


а, Ë 36288001: 
al = (14-99642 44494351 k¢ -- 191802081* + 449435148 
4-99642/1 0 + Кїз ) / 
al = — k (182860 4-1861678012 -. 13616876015 4- 1361687601* 
4-18616780k* + 132860417) 
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(6) | 
“4 4, =#%(151591444-31490659912 4- 77599715944 + 314906592 


+151591444°) 


(6) 
аз =—k* (197271360 + 13776048004? --1377604800k* 


4-197271360k*) 


6) i 
4 = k" (743783040 + 21102681605? --74378804044) 


= — (14- 8968085? + 116294673k* + 834687179 k^ 
4-8846871791% 4-11629467311 ° -- 89680351 * + Бї +) 


(7) 
4 


7 
б =k? (1195742 + 4721289244? -+ 7700190402%* 


+179959412564" + 77001904025 -- 472198924419 
3119574211?) 


7 
^ ? = — k* (880572920 +- 167604418804? + 86764270320k* 


+-86764270320k° +167604418804" 
-+380572920%2°) 


7 
i ! =k" (10121070960 + 1401685084801* --3102293924804» 


+140168508480%° + 1012107096055) 


8 
a | = (14 8071256k* --2949965020%* 4-47152124264%6 


4:10964509189442 4- 4715219464419 
4-2049965020]1* + 8071956334 4- 1 *) 

a — _ кз (10761680 -4-119731740001^ + 4089999008801 
+1968219965680%* +-1968219965680%° 
-+ 408992300880% ° +118731740001: 
-+ 10761680104) 
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a( kt (9528671904-1-859275897408k* + 8567597445984, 


--17583505295232k* --8567597445984/5 
4-859275897408419 -- 052867190415) 


а) = (14 796418371 4- 741970809761 


+2504055894564%° + 11966116940938k5 
4-11966116940938412 4+ 2504055894564? ? 
4- 741970802761: - 72641397115 +38) 


аб) =k? (96855122 4.2975450017121* 


+ 20979207159190k* 4- 19284116356724815 
--3873173553306068ks 4-1928411635672481: o 
+20979207152120%13 +297545001712% 
96855129416) 


aS” = (1+-658772070%* 4-185952079188514 у 
+1284534958 87560 +1171517154238290k° 
4-9347836865864484119 4 11715171542382901:« 
+ 128453495887560% + + 18595397318851 в 


4653779070618 + 25). 


Hepansion of сп(и). 


8. Fricke has algo shown that 





d*'en zen De m en? + 92 en* € Sd сп?" } 


du’? 
oe =—sn dn DE +з?” cn? жы ent +... 


(ғы орз" ] 
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The relation between the co-efficients is given by the equation 
1 _ (г) 
n =~ Q1, 18 ++ 1 ie 1 7 
(а) 
+ (р) (ди+3)(1—)р O, =. 8) 


Let us assume 


u’ ut “с 
en(u)=1+b, partes Lu +6, 16 +... 





Then b, = ( pur ) 


u=oe 


Therefore 


From (5) we have 


WO 1+2, Б сша 


2 р“ 
VP 116181609, БО 20ks 406, bP аад, 


bÊ = 14-138 —4081* +2728. 


5°) — --182%* 4-193215 — 123215, 


К 
pÈ = — 840 +168069, ЕГІ 


VO —1— 193215 4-916814 — 158721 4-793615, 


ы? =1640k* —81440k* +844801 — 5632015. 


s? —23184k* —129024k° -+ 1990241 


V? 6048015 —120960%* 
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y? 4082046 . 


bË = 3. 1107448 — 21011225 +729728k° 


—884480k5 4- 35379219, 
= —14762%* 4-778624k* —4388736k* 
4- 722089415 —8610119410, - 


ве : = — 5992801 4-'7302240k5 —18311040k* + 12207360! °. 


b 

59... 365904055 11862784015 — 1862784012, 
(5) Е 

pP —=— 665980058 4-19305600455. 

3) — — 36288004" °. 


6 
MU 1. 9964815 4 49995763 —3215411 2%¢ -*- 719976961 


— 67104768019 --22368956k1 2, 


e ) =132860%* — 192810801 + 21196448019 —657704320k8 


47745920005: ° —309886800Кт*, 
5@ 151591444 —375543168k° -+ 1811601792K° 
—98721172481: ° 4143605862442, 


йы —197271360k5 — pes +472462848010 


—-31497593:0k: 5. 


5% | =743783040%8 85978342401 10 .- 3597834240113, 


i ы = 8868001 о —2075673600%: °, 


59. 4790016001: *. 
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7 
M 1 48968101? — 12167551214 4-142901962446 
—53543197201* + 88048780801» — 6663150599} 
+19037573124: +, 


БО) = 119574218 47930337615 — 100787711521 


+53541906944 3 —11262838195941^ 
+ 1030289141762 2 —34342971392h1+. 


7 
57) = 380572920%* + 18663306480%° 
—1576117670401* + 451495461760Ь1° 


— 5195264256004? * -.20781057094081%, 


Ы)... 101210709608 +180659792890 
—7914543483680%19 + 1221603102720} * 
—610801551360%1*. 


3? — 71993622400%° +. 6363669312004 
—14813390592001: » 4987559379800: +, 


b) — —192518796400k? ° + 9008423424001» 
—9008499424001:*. 
3 9179457980001? * - 4858014560001 * 


Ы... 87178201200455. 


ріш 1— 8071264 --30064638401* —65021410816%° 
+389937612544%8 — 1016535248896? ? -- 1318216683520] * 
8894613719045 * -„ 209865342976 k? °, 


49 =10761680k* —11948505760%* -+ 48045734016045 
—4191655738880%3 + 1416886297600011 ° — 22391218606080k2* 
+167286784156805: + —4778192404480k 1^. 
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b ( о «959867190424 —916447928832k° --1300690701158458 ~ - 
--60687997491898519--121459887060924513 
—10936892797747 2k 4 -.3645630939258244* 5. 


(9), .50794966464015--15536891784960% 
4-119165149858080%: — 3094386728755201 • 
--34299285995590011« —197197143989080/:», ^ ' 


5. 694156988160 —94388904529920 ло 
+387671067463680k? ғ —586564325867520k24 
+ 2932891699837601:5. | 


b © 99711191910400%2 © —246864012595200K22 


4-5623248863232001 * —37488325754880011 •. 


p ©? —602452999168001^ * — 28454994247680011 4 
+284549942476800%1°. 


{°) — 59281238016000% + —1185624760990001:^. 


b © 20922789888000% °. 


9 
4 ) z—14-72641346k? —7477821100814 4-3025469414016k° 


—28552658908416% в -111959522763264K1 ° 
—2227 117766737924? +. 238165246869504% + 
— 1308999830077444? * -+ 2908888511283247. 


9 .-4- 7 Е 
А ) =—96855122%* 4-298319842688h+ — 23064734107520k¢ 


4-324970275402752h® —1676632135367168%1 ° 
4+4100595869551559 1 * —5172757729771520%14 


+3262213521932288&1 6 —8155533804830728 в. ° ``... 
3 
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9)... .238345987760k4 +44839699800000%* —1050618700696320%° 


+ 7580061634736640k? ° —236037329405952001 * 
4-36226011554611200X * —26748518378373120%1 * 
+ 7642433822392320% в, 


59) = —25146993724480k* --129511396641024068 
—14661508613921280k? ° + 62388114416271360k2? 
—120332370011258880%? + + НОЕ. s 


—85655325121949980415. ` 


js —542078215660800%° -12811131585907200x119 . 


—838968798580786002 з + 21681776788643840011 * 
--2410797719715840005:5 --96431908788633600& 15. 


p O? -- —4165794926092800% 0 4. 552659221610496001:2 
.—216772856178278400% + +323013868034457600% ° 
—161506934017228800% °. 


5°) = —1444133301811200047* +-114162961296384000%1 * 
— 9558408857804800001 ^ 4-170560590590820000259 


` 


ы” = —9466692313845760011 * 4-110832202594713600k" * 


—1108322025947136004 8 


59. 9027418340147200011 * + 49$489608029440001"° 


59) _ —6402373705728000K"* 


We therefore have 
a, 2: — (1-F b), a, =(14+14% +18) 
a, — —(1-- 19553 + 185k* + k^) 


a, — (1-129819 -- 547814 + 1998k* +09) 
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a, =—(1+11069%* +-165826%* --165826%° 4 110698 + 5:9) . 
а, —(14-99642k* -- 44943515* -+„ 18180268 + 449485155 | 
+996429 4. 51?) 
a, =—(1+896803K? --116204673k* + 834687179 k5 - 83468717915. 
4-11629467311 4-896803 11 + пу 


а, = (148071256? 4-2949965020k* -- 471521242649 
4-10964509189455 + 4715212426441 ° 4-2949965020к1 * 
+ 8071256k? * 4-18) 


a, = — (14726413374? + 7419708027614 -+ 25040558945644* 
+11966116940988/° + 11966116940238% ° + 2504055894564: * 
4- 74197080276! * -- 72641837 k! ++ k1 9) 

а, 977 (14-6583772070&? + 1859539731885 &* + 128453495887 560k5 
+117151715493829019 --2347886365864484119 
+11715171542882901 1 ? + 128453495887560% * : 
+1859539731885k? в 4658772070418 4- k*?) 


Қ; b, =144%, b,— —1—44k^ —16k* 

b, —14-408k? --919k* +6413 

b, = —1-—3688k* —30768k* —15808%° — 25615 

b, —14-3321913 + 87064015 +1538560%° -- 25982815 -- 1024419 


b, = —1— 9989321 —99945056* —106923008k* —6500889615 
— 41809921: — 409611 * | 

b, —14-269041614 4- 58669998414 4-639766515215 + 986018844818 
+25369748861 ° -- 6704749443 * -- 1688443 + 


b, = —1—24213776k* — 14804306080 E* —34599861798445 
—1165338459544k* — 782931974144 0 951535820801: * 
—107846329651+— 6553641 9. 
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. Е Expansion оў дп(и) 
4. We сап now expand dn u 


Let us assume that 


22 u? a ut be — 
dn 414-6, 5 t5 Ca Fes еМ 


Then с,, Ca, бу etc. can be calculated by means of the relation | 


> ь, ( E es (а) 

Therefore . 

e, =k’, c, ht +4k?, со: — k* —44k* — 16%" 

o, zh +408k° +912%* 640" 

Cs = —k19 — 368855 —8076855 — 15808h* —256 k3 

e, =k? $ 4- 33212419 +870640K8 --1538560k5 + 25932855 + 10944* 

c, = + k1 4 —298932h? $ —99945056 k1 ° —106923008 55 
—65008896h* —4180992k* —4096k* 

e, =k? 8 4- 2690416k + - 5866299844! 2 .- 6337665152110 
+98604884481 + 2536974336 k* + 67047424k* + 163844* | | . 


в. = — k? 8 —24213776%? € —14804306080%* * — 3455586179845 2 
— 1165333452544710 — 78298197414448 —95153582080k¢ 


H 


1073463996» — 6553615. 
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Моттом OF THE EARTH AS CONCEIVED BY THE ANCIENT 
INDIAN ASTRONOMERS. 


BY 
SUKUMAR RANJAN Das 


It is now an established fact that the earth does rotate and that the 
apparent diurnal motion of the heayens from vast to west appears from 
the following considerations :— 

(1) From simplicity ; 
(2) From analogy ; 
(3) From centrifugal force ; 
(4) From the experiment of letting а body fall from the top of a 
high tower ; 
(5) From Foucanlt’s pendulum experiment; 
and (6) From gyroscopic experiment. . 


The first three arguments show that it is extremely possible that 
the earth rotates ; but the last three give experimental proofs of its 
rotation. . It was Copernicus who was the first to maintain in Europe 
that the earth rotates and his argument in favour of earth’s rotation 
was that this was a much simpler, and therefore a much probable expla- 
nation than that all the stars and other heavenly bodies should be 
linked together in such a complicated manner as to perform each its 
revolution round the celestial pole in the same time. However, the 
subsequent invention of telescope by Galileo in 1609 established this 
beyond doubt in Europe. By means of the telescope we can see that 
many of the planets, as well as the sun and moon, are spherical bodies 
rotating about axes, from which we conclude the earth also rotates. It 
is now known that the earth completes a rotation round its axis in a 
period of 24 hours which is called its diurnal motion and it completes 
a revolution round the sun in an elliptic path in а period of 365 days, 
5 hours, 47 minutes, 48 seconds which is called its annual motion. 
However, a long time/elapsed before this fact was conclusively proved 
and the arguments that were put forward in favour of or against earth’s 
rotation both in Europe and in India are not only instructive but; also 
interesting. : : 
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Qf the ancient Hindu astronomers Aryabhata was the first to main- 
tain the diurnal rotation of the earth round its axis. Aryabhata 
flourished in the fifth century A.D., (C. 475 А.О). In the first sloka 
of his Geetikäpāda he said’that in the four Управ 7.е,, in 43,20000 solar 
years, the earth rotates 15822,7500 times. He illustrates his theory 
of earth’s rotation in his Aryabhatiya (499 A.D.) by stating : * 

“Аз а man on 2 boat in a river sees the immovable trees on either 
bank move westward, in a similar way the fixed stars appear to move 
westward with equal velocity to an observer on the equator.” 

‘But this theory of Aryabhata was not recognised by later Indian 
Astronomers till after a very considerable time. The first celebrated. 
astronomer to oppose this theory was a contemporary of his, Varüha- 
та. In his Paficha-siddhantcké he writes in refutation :— 


"Others maintain thet the earth revolves as if it were placed in a 
revolving engine, not the sphere ; if that were the case, falcons and 
other (winged creatures) could not return from the ether to their nests. 

(Chap. ХІТІ, sloka 6.) 


“And, to mention another argument, if the earth revolved in опе: 
day, fags and similar things would, owing to the quickness of the 
revolution, stream constantly towards the west. If the earth, on the 
other hand, moves slowly, how does it revolve once within twenty four 
hours ?' (Sloka 7) i 

Even Lalla, who is said to have been a disciple of Aryabhata, could 
not subscribe to the theory of his master and in refutation he adduced 
one more argument in addition to those of Var&hamihira. He asked, 
* If the earth is moving at a very rapid speed, why does not an arrow 
projected upwards fall оп the westorn side of the place of projection ? 
Why do not the clouds appear to move only towards the west? You 
cannot say that the earth is moving at a less speed, as it has to complete 
one revolution round its axis in 24 hours.” Brahmagupta and many 
other astronomers of later date put forward the above arguments 
against Aryabhata’s theory of earth's rotation. Lalla probably lived 
in the sixth century А.О. and was a contemporary of Varühamihira. 
Brahmagupta came after! Varahamihira and was born іп 598 A.D. 
He wrote his Brahma Sphütà Siddhánta in 628 А.О, It is no doubt 
surprising that they did nob consider for а moment that the, aerial 


* This does not clear whether Aryabhata had in mind only the geocentric 
rotation of the Earth or its heliocentric revolution as well.’ But as he-has stated 
the periodic times of the sun, Earth, moon and other planets in the same, breath, 
either kinds. of motion of the Earth might have been meant. . Brahmagupta, also, 
while refuting this theory of Aryabhata, refers to both kinds of motion. (This 
ig mentioned in the next page.) ` | 
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fluid might revolve with the same velocity as that-of the earth. -- To 
refute this theory of earth’s rotation Brahmagupta produced another 
argument, ‘viz., “if the earth moves a minute in a prana, then whence 
and: in ` what- route does it proceed? If it revolves, then why do not 
lofty objects fall?" (Brahmasphita Siddhànta). 

Bhattotpala, the celebrated commentator, who flourished in the 
10th century A.D., could not accept the theory of Aryabhata. He 
also ‘subscribed to the views of Varahamihira’ and Brahmagupta. 
Even Bhascara, the gem among ancient mathematicians; disapproved 
of the theory of Aryabhata, Не did: not deal with this question 
at a considerable length. Living so late as in the twelfth century A.D. 
he ‘was engrossed with other more important problems of nature and 
did not think it worthwhile to take up much of his time in determina- 
tion of the rotation of earth; for he knew that for all practical 
purposes the same results would be arrived at if rotation of the 
earth and fixity of the sun and stars or its contrary were accepted. 
Bhascara’s disapproval of the theory of Aryabhata is known by his 
dealing with this question in the first chapter of Golàdhyàya and 
mainly by the quotation of the views of Lalla against Aryabhata’s 
theory. : | 

` The oppositionists in this question were so strong that Parameswara, 
a commentstor of Aryabhata, had to twist the meaning of the couplet 
in Aryabhatiya already referred to. Не said, “The earth із really 
fixed, but some say that the earth moves and the stars are fixed," 
The reason may be that Parameswara came just after Bhascara and 
at that time no body could boldly maintain earth’s rotation. - 

However, Aryabhata had one supporter in Prithüdaea Swami, the 
celebrated commentator of Brahmagupta who strongly supported 
Aryabhata’s theory: of earth’s rotation. He affirmed “The starry 
sphere is stationary, and the earth, making a revolution, produces 
the ‘daily rising and setting of the stars and planets.”*  Prithüdaca 
Swami further replied to the ‘objection of Brahmagupta by saying, 
“ Aryabhata’s opinion appears, nevertheless, satisfactory, since planets 
cannot have two motions at once: and the objection that lofty things 
would fall is contradicted, for every day the under-part of the earth 
is also thé upper, since, wherever the spectator stands on the ‘earth’s 
surface, even that spot is the uppermost point.” This much is known 


E] 
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This passage is generally mistaken for Aryabhata’s own writing, but it 13 
Prithudaca's saying. A 2 


176 à S, R. DAS 


of Prithüdaea Swami that he fiourished before Sripati who quotes 
Prithiidaca in his works.  Sripati is known to have written his 
Siddhànta Sekhara about 962 Saka or 1088 A.D. Hence Prithudaca 
might have propounded his views in the later hulf of the tenth century. 

“Though Aryabhata was the first among ancient Hindu astronomers 
to give а clear idea about the diurnal rotation of the earth on its axis,” 
says Colebrooke, * Yet there are instances to show the existence of 
this theory even seven centuries earlier.” However, this theory took 
time to be recognised. ; 

The theory that the earth moves daily round ап axis, and that 
it has a motion round the sun as a kind of centre, which is completed 
in a year, is a doctrine so far removed from the evidence of our 
senses and so contrary to our daily observations, that before the 
proofs are understood, if it is received at all, it will be received as a 
mere opinion uf men better able to judge of such matters, which may 
or may not be true.* : 

It is not therefore astonishing that even in the times of Copernicus, 
Kepler and Galileo, a theory which was so contrary and so entirely 
opposed to that which had been so universally received, should have 
been met with ridicule, and even with the persecution of its authors 
and their followers and that, Galileo had to pay the penalty of his 
head when he boldly asserted the motion of the earth. 

Here are some of the arguments put forward by some of the later 
Hindu Astronomers against „шаш s theory of the diurnal. motion 
of the earth :— . 

(1) If the'earth was іп motion and made a complete revolution 
round its supposed axis, then pulled by that tremendous speed the 
houses, temples and other buildings on the surface of the earth 
would have, no doubt, crumbled down every minute and been shattered 
to pieces. | EM 

(9) On aecount of the constant revolution of the ‘ earth: men, 
beasts and other animals cculd not have remained standing, not to 
speak of moving from one place to another, 

(3) In consequence of the revolution of the earth, there would 
have been constant earth-quale, the waters would have swollen, and 
rivers would have ceased to fow and there would have been no tides 
at all. 

(4) It is seon that a heavy body when falling from even the 
highest peak of a mountain, always falls at the foot of the mountain, 
But how could that have been possible if the earth was in motion ? 


* Brennand’s Hindu Astronomy. 
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The circumference of the earth is 25 thousand miles and the earth 
takes 24 honrs -to complete a -revolution on its supposed axis; hence 
the earth moves 23929 or about 1000 miles per hour ог 162 miles per 
minute, Now ifa heavy body takes 30 seconds to touch the ground 
by that time the earth has moved eight miles, Therefore, how can the 
body fall at the foot of the mountain? 

(See Brahma Sphüta Siddhànta) 


(5) If we throw a stone from the west to hit a body on the east, 
then the stone must miss its aim as the body on the surface of the 
earth has moved considerably, if the earth is in motion. 

(6) Itis seen that rainfall continues at a place for several hours. 
It wonld have been impossible if the earth was іп motion, For, we 
know the earth moves about 16 miles per minute and every minute the 
place where rainfall has begun will be shifted from its original position 
by a considerable distance, 

(7) 1f the earth was in motion, then the birds leaving their nests 
and flying in the sky would not have found their homes back whenever 
they liked to return. For, the trees on which their nests were situated 
7 would have moved considerably from their original position every 
minute. No doubt they could find their nests in the same place if 

they returned just after a hours. But that із not always the case. 
(Lalla) . 

(8) То illustrate further the last argument, 16 is Said that ants 
swimming in water are carried by the current of the water; and 
therefore it is certain bhat birds must always fly in the direction of the 
motion of the earth, £e, they would be carried away by the much 
quicker motion of the earth from west to east. Аз the velocity of the 
ant is small compared with that of the current, the ant cannot go 
against the current; the velocity of the bird is many times small and 
even negligible in comparison with that of the earth, hence on no 
account the bird can overpower the motion of the earth and fly from 
east to west. 

These arguments, though fallacious, are surely an outcome of a 
searching inquisitive brain and require much scientific knowledge for a 
reply. А satisfactory reply would, no doubt, presnppose & thorough 
knowledge of the law of relative velocity. 

About the cause of rotation it is known from the numerous quota- 
tions of Bhattotpala that “ Aryabhata accounted for the diurnal rotation 
of the earth on its axis by a wind or current of ærial fluid (наз aig), the 
extent of which, according to the orbit assigned to it by him, was little 
more than one hundred miles from the surface of tbe earth.” This 
cause of rotation whether of the earth ог of the starry heaven as the 
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case might be was accepted by Varahamihira and others. In fact, 
about the cause of rotation this was the unanimous opinion of both the 
schools. 

Now let us consider the views of astronomers anterior to Aryabhata. 
We have from the quotations by Bhattotpala that Pulisa siddhanta 
maintained that the earth was spherical, fixed at the centre of the 
rotating starry heaven and the rotation was due to the driving force of 
Prabaha or ærial current. The same views were held by the Vasistha 
siddhanta and they were quoted by Bhattotpala in his commentary of 
Brhat Samhita. As regards the views of the Jaina astronomers we 
desire to deal with them at & considerable length, as some of them were 
very peculiar, 

It is interesting to note here that there appears in the Aitareya’ 
Brahmin a passage which is certainly not less than 2000 years before 
the birth of Copernicus in which it is stated that “the sun never sets 
nor rises. When people think to themselves the sun is setting, he only 
changesiabout after reaching the end of the day and makes night below 
and day to what'is on the other side. Then when people think he 
rises in the morning, he only shifts himself about after reaching the 
end of the night and makes day below and night to whatis on th 
other side.* | 

Dr. Haug was the first among oriental scholars who drew attention 
to this passage. He said “This passage is of considerble interest, 
containing the denial of the existenqe'of sun-rise and sun-set. The 
author ascribes a daily course to the sun, but supposes it to remain 
always in its high position on the sky, making sun-1ise and san-set 
by means of its own contrarieties.” Refering to this passage. also 
Monier Williams says, “We may close the subject of Brahmanas by 
paying a tribute of respect to the acuteness of the Hindu mind, which 

„seems to have made some shrewd astronomical guesses more than 
2000 years before the birth of Copernicus,” 7 

We have also in Bishnupurana a passage of almost similar signifi- 
cance which says, “the place where the sun is visible for a timé has 
the sun-rise there and the sun sets on that place at that time where 
the sun is not visible. Іп truth, the sun never rises nor sets; when 
the sun is visible, he is said to have arisen, when the sun is not visible, 
he is said to have set.” 1 


ж Vide (Up. III. II-1.3) Prof. Radha Krishnan, Indian Philosophy, page 29. 
+ Indian Wisdom, 
1 Bishnupuran, Chap. VIII, part 11, Slokas 14 and 15, 
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The. Jaina astronomers who lived long before the time of Aryabhata, 
nay who were probably the oldest in the field of Astronomy, the authors 
of Joytish Vedanga being excepted, had a peculiar conception of the 
causes of day and night. They had no notion of the diurnal motion 
of the earth and consequent causes-of the rising and setting of stars 
and planets. Till very recently no work of the Jaina Astronomers was 
available. Their trend of arguments could only be gathered from а 
few quotations by Varahamihira, Brahmagupta, Вһаѕсагасһагуа and 
others, in course of their refutation of the former’s theories. There 
occurs а passage in the 18th chapter of Varaihamihira’s Pancha- 
siddhantika which refers to the Jaina Astronomers ;— 

“If, in agreement with the doctrine of the Arhat, there were two 
suns and moons rising by turns, how then is it that a mark made in the 
polar constellation by means of a line drawn from the sun revolves 
within one day?” Hence Varühamihira concludes that there is one 
complete revolution of the sun within 24 hours.* 

We have also in the Düshana adhyaya of Brahmagupta's FORUM 
Siddhanta a passage refuting the theories of the Jainas :— 

“There are Ну four nakshatras, two risings of the sun; this 
which has been taught by Jeina is untrue, since the revolution of the 
polar fish takes place within one day."t 

The only work on Jaina Astronomy which is now available is 
Saryaprajnapti, in а longsized manuscript form with loose pages. Tt 
is written in Jaina prakrt and divided into twenty books called 
prübhrtas, some of these again into chapters called prabhrta 
prübhrtas. The exact. date of this work is not known. Thibaut 
says that this book must have been written before the Greeks 
came to India, as there is no trace of Greek influence in this 
work. Anyhow it must bave been written at least three or four 
centuries before Christ. 1tis generally believed that Pythagoras was _ 
the first to maintain that the earth is a sphere. But long before 
Pythagoras propounded this view, the author of Suryaprajnapti spoke 
of the earth as an immense circular flat, i.e., spherical “Тһе earth,” 
says Suryaprajnapti, “is considered to be an immense circulur flat 
consisting. of a number of concentric rings, called dvipas, separated 
from each other by ringshaped oceans. In the centre of the earth 
stands Monnt Meru: around it runs the first dvipa-J ambudvipa. It is 


* Pancha Siddhantika, Chap. XIII, verse 8. 
+ им ag: carey 9 т (ӨГӨ аң! 
aera мам ат qeu | 
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surrounded by a circular ocean, the water of which is salt («аҹ ғң%). 
Thé southern segment of the Jambudvipa is occupied by the Bha rata 
varsha, and the northern segment by the Airávata-varsha." 

"Now to come to the point we were discussing, the Jainas accounted 
for the alternation of day and night by imagining that the daily 
changes were caused by the passage of “two suns and two moons, and 
a double set of stars, and minor planets round « pyramidial mountain, 
at the foot of which is the habitable earth.” Colebrooke says, “They 
(Jainas) conceive the setting and rising of stars and planets to be caused 
by the mountain Sumeru and suppose three times the period of = 
planet’s appearance to be requisite for it to pass round Sumeru and 
return to the place where it emerged. Accordingly they allot two 
suns, ав many moons and an equal number of each planet, star and 
constellation to Jambudvipa; and that these appear on alternate days 
south and north of Meru,”* 

Malayagiri, the commentator of Suryaprajnapti, has very lucidly 
explained the matter in classical Sanskrit. He says, “The earth is 
called Jambudvipa. the northern segment is Airfibatabarsha and the 
southern segment is Bharatabarsha. The two suns rising first shine 
on the northern and southern parts of Jambudvipa respectively and 
then again rise to shine upon the eastern and western parts respec- 
tively. Thus while the suns shine on the northern and southern parts, 
the eastern and western parts are enveloped in darkness and there ab 
that time night prevails.” Т 

Sripati (960 Saka) in his Siddhàfita-Sekhara, in the 11th Sentry 
А. D. speaks of the Jaina Astronomers in the following sloka :— 

“The Jainas say that the earth is not fixed, but descends perpo- 
tually in space, there are two suns, two moons, two sets of stars and 
planets and the Meru is of pyramidial shape." 1 : 

We have already seen that Brahmagupta refuted this absurdity. 

' His refutation was copied by Bhascaracharya, who added to it the 
refutation of another notion of the Jaina Astronomers regarding the 
falling of the earth in space, founded upon the idea that the earth 
being heavy and without support, must perpetually descend. Bhas- 
caracharya lived in the beginning of the twelfth century A. D. 


* Asiatic Researches, Vol. IX, p. 821. 
+ Suryaprajnapti, Prabhrta, ТІ, p. 4T. 
t spar чишеп; бане ейт aerated са ааб S: | 
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The replies given by him in his BSiddhànta Siromani are as 
follows :— * қ á 

“The earth stands firm by its own power without other support in 
space.” (Verse 2). 

(Here we may mention a fact that in the Puranas the serpent, 
Ananta, is supposed to be the supporter of this earth. This must be 
an allegory and means no doubt that the earth stands without support 
in space, as the meaning of Ananta (aqa) is also “ space.” ) 

* Tf there be a material support to the earth, and another upholder 
of that, and again another of this, and so on, there is no limit. If, 
finally, self-support must be assumed, why not assume it at the very 
beginning? Why not rocognise it in this multiform earth ? " (verse 4). 

“As heat is in the sun and fire, coldness іп the moon, finidity in 
water, hardness in iron, so mobility is in air, and immobility in the 
earth, by natare,” (verse 5). : 

“The earth possessing an attractive force (like loadstone for iron, 
says the commentator on Bháscara), draws towards itself any heavy 
substance situated in the surrounded atmosphere and that substarce 
appears as if it fell. But where can the earth fall, in ethereal space 
which is the same and alike on all sides ? ” (verse 6). | 

"There is а passage in this connection in Chapter I of Golàdhy&ya 
which refers to the Buddhist astronomers who, however, on observation 
of the revolution of the stars, acknowledged that the earth had no 
support but maintained that the earth fell in ethereal space. No work 
of any Buddhist astronomer 16 available aud it is generally believed 
that in consequence of Lord Buddha’s preaching against the astrono- 
mical science, perusal of which by the Buddhist monks was strictly 
forbidden, possibly no astronomical work was ever written by any 
Buddhist of ancient times. However, Bhascara referred to some 
remarks of the Buddhists in the following passage :— 

“Whence dost thou, О Bauddha, get this idle notion, that because 
any heavy substance thrown into the air falls to the earth, therefore 
the earth itself descends Р?! (verse 9). 

Bhascara in his Basan& (ara) vasya, further, illustrates this 
point. “ For,” he says, “if the earth were falling, an arrow shot into 
the air would not return to the earth when the projectile force was 
exhausted, since both would descend. Мог can it be said that it moves 
slower aud is overtaken by the arrow, for heaviest bodies fall quickest 
and the earth is heaviest.” (Ваѕапа Vasya on verse 9). 


* Siddhanta Stromani—Goladhyaya, Chap. I. 
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Bhattotpala also had an argument against the falling oi earth in 
space. Не said, “stone thrown upwards falls to the earth. If it be 
` gaid that being very heavy earth falls slower than the lighter stone, 
then it must be asked in which direction it is falling. It cannot be 
said that earth is falling downward, For downward is a relative term 
and in fact the earth’ cannot have a downward part. Nor can it be 
said that the earth is falling sidewise. Hence it must be admitted that 
the earth is standing at the centre of the starry heayen without any 
support by dint of its own special power (їе) 

The long discussion on this subject is not only interesting but also 
instructive. There were various changes of views, of. course, not 
without the best intentions of further research. Of this Dr. Kern said 
in his preface to Brhat Samhita: “And in no branch of Sanskrit 
literatura have changes been made so freely as in astronomical works. 
Not from unworthy motives; оп the contrary, the Hindu astronomers 
were the only class of learned'men in their country who had an idea 
of science being progresive, not stationary or retrogressive.” s 

These views show a deep insight and penetration into astri Gomis 
and physical phenomena and presuppose a spirit of enquiry іп no way- 
inferior to that shown even by Newton when he proceeded to suggest 
that if the earth rotates from west to east, a body, on being let fall 
from a considerable height above the earth’s surface, shou'd fall to 
the east of the vertical line. The arguments advanced by them are not 
only interesting and instructive, but also set people thinking on many 
of the problems of nature that are о ете met with in our daily life. | 
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(An Extract of a letter to Prof. Ganesh Prasad) 


BY 


J. М. WHITTAKER 
(Trinity College, Cambridye) 


І had read Dr. Narayan’s papers before writing my own, but became 
interested in the problem from another angle. The close: ahalogy 
between series and integrals suggested that the notion of the limit of a 
function at a point might be generalised much in the same way that the 


sum (О 1) оға series'is the generalised limit of its sum. Replacing 
h by 2, 


S, =а, +0, ... tan 


by f(x) and integrating instead of summing, it is then natural to call 


the generalised limit of the function (2). аб 2=0+. If we did 
not know the corresponding result for summable series, we might 
then expect this definition to define a limit for functions which 
though not continuous at w=0, do not oscillate very rapidly in 
its neighbourhood. eg. sin (log а). However in the case of series 
it is known that the generalised (О 1) limit fails to exist not only 
for very divergent series but also for those which are “nearly but not 
quite convergent.” The point of my paper was to show that the same 
state of affairs holds in the case of functions, and for the same reason, 
Sin (log «) is then a function too nearly continuous for the generalised 


limit to exist, just as ВХ 





тр too nearly convergent to be sum- 


mable (01) 
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Other theorems on summable series have their analogues for 
e.g. Hardy’s necessary and sufficient condition that a series 


functions. 
be summable (C 1), that - 
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The theorem of Thoms's you mention is analogous to the trivial 


theorem that 
84-84 cb F8. »0 if x^ converges. 
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ON CERTAIN MANY-VALUED SOLUTIONS OF THE EQUATIONS- 
OF ELASTIC EQUILIBRIUM AND THEIR APPLICATION. `.. 
TO THE PROBLEM OF DISLOCATION IN BODIES: ^ — < 
WITH CIRCULAR BOUNDARIES 


BY 
Ѕоррнорлн бераг 
(Caleutta- University) 

Ex. Р 


It was first pointed out by Wiengarten* that in a body occupying 
a multiply-connected space there is a physical possibility of the 
displacements being expressed by many-valued functions. He inter- 
preted these displacements as béing due to dislocations produced: in 
the body by cutting it along a system of barriers which should be put 
in to make the region occupied by the body siniply-connected, and 
then joining the opposite faces by removal or insertion of thin slices 
of matter of the same kind as thatof the body. The new body so 
formed would- then be in a state of initial stress. The stress and 
therefore the strain іп the body must be single-valued and continuous, 
but the displacements would be discontinuous in crossing a barrier. 
The theory was further developed by Timpe.t Volterra and- Cesaro.f 
It has been proved that the displacement of matter on one side of the 
barrier relative to that оп the other- side-is -one possible in a rigid 


` Roma, Асс. Linc. Rend. (Ser, 5.), t 10 (1 Sem), 1901, р. 57. Ж; 


+ Probleme 4. Spannungaverteilung іп ebenen Systemen einfach gelost mit 
Hilfed. Airyschen Funktion, Gottingen Diss., Leipzig, 1905. 


1 Paris Ann. Ес. norm. (Ber. 8) t. 24,-1907, pp 40-517, 
5 pe ts 
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body.* Moreover the position of the barriers in the body which has 
suffered dislocation and is consequently in a state of initial stress is 
immaterial and in fact there is nothing to show the seat of dislocation. 
Volterra T has applied the solutions of the equations of equilibrium 
of a two-dimensional elastic system in polar coordinates to the problem 
of dislocation in а hollow cylinder bounded by two concentric circles. 
In the present paper, use has been made of the expression for the stress 
function x in bipolar coordinates to solve the problem of dislocation 
in a hollow cylinder whose crossection is bounded by two non-concen- 
tric circles, the cases discussed being those of (1) parallel fissures and 
(2) wedge-shaped fisanres. 
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Let us consider the substit von 
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a Ing 81 (y +A) 
a-4- cf —log ЕУ) 
Неге 
asin B .. авіһа 
s — cosh a—cos 8” — cosh a—cos В 
and QU 
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“7 (eosh a—cos В)? 
Therefore 


p= Cosh a—cos B 
Ty pw a 


The curves a=constant are а set of co-axial circles having the 
points (0, —а) and (0, а) ав limiting points and B=constant, another 


* Weingarten, ос. сі, Love, Theory of Elasticity (8rd edition), 156 А, 
$ toc. cit, 
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set of circles passing through thé limiting points and cutting the first 
set orthogonally. We have В=0 on the y-axis except on the portion 
between the limiting points where B=7. 


In ‘the case of plane strain, the displacements u,v are given in 
terms of the stress function x by the formule * 


_ в 1,8x_,0Q 
"es "o Ba 57 ðL 
3 eee (1) 
=; Ox 98 D 
ayo ы. K op ths J 


where 








2M ІК Э*(%х) _ 8 *(hx) 
a? E 


= Зы} Е 
ө 
The stresses are given by +. s 

Q &— | 2 

ала { (совһ а--сов в) 9 P "mnl e. 8« 
Баша Ê pos 
віп 8 ӛр + cosh a ) (hx) 

а. p= — (cosh a— сов В) oo | | p (3) 


а.88- { бк ica В) в: = sinha ё, | = 


—sin f — ш. ею | 


* Jeffery. “Plane Stress and plane strain іп bipolar coordinates" Phil, Trans. 
Гоу. бос. Ser, A. Vol 221, pp 265- 98. 


t Jeffery, loc, ctt, 
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- The terms in x that give many-valued displacements are * 
E Х=(А cosha+B sti а--Ссов 8+D sin B) а 
"КДА! cosh а-ЕВ! sinh а --O' cos 8+ D' sin £) В. . (4) 


and the corresponding value of Q is given by 


AQ ЗА (А cosh «+В sinh'a4- C cos B--D sin В) B 


x» (A! cosh a.4-B' sinh a-+C! cos B+D! sin В)а ...(5) 
Г. - - | 


Writing only the many-valued terms іп the displacements, we have 


| juo АЖЕ al —C sin B+D cos f uu 
: р 


sin В В | 
eh enone cosh a+ B sinha+Ccos 8+0 sin В) | 


bgt , E 
Е ГА sinh a+ В’ cosh a 


— 


erg cosh a+ В’ sinha+C’ cos 8 -- D' sin В) | 


ро в [4 sinh а-+ В cosh a г... (8) 
Aye à 


sinh a : t 
> eh aco СОВ В na Oo ащ) | 


+ om в[ —0' sin B+D' cos В 
sin В ғ ~ (A' cosh a+ B’ sinh афО о cos B -- D' віп B) | 


“cosh а--сов 


* Јеҝегу, Пос, cit. 
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The discontinuities of the displacements at any point of a barrier are 
given by 





_„ = (АЗ) А 
шуо Sd) | С sin B+D cos В 


sin 8 NE. | 
~ cosh a—cos f. (A cosh a+B sinh a+C cos +0 sin В) | 


tl A’ sinh a+ B’ cosh a 


-ir cosh a-FB'sinh a+C! cos B-+-D! sin в] 





—т= prese | | А sinh a+B cosh a 


sinh a 


бйле (А cosh. a+B sinh «+С сов B-+D sin В) | 


| 


қа — С’ sin B 4- D' cos B 


sing _ 


в (А: cosh а-ЕВ! sinh а-- С’ cos В+’ sin B) | 


Calculating A and ^7" from rar and v, —v, we find that 





й _ 9 A! 4-C' 
Bm Аи а * Н 
СУХЕ | c се (8) 
Ope 0C?) А-С 
4 3 A+ и a ` 


Thus if A'+C'=0, u,—u, and v,—v, represent a displacement 
possible in a rigid body. Hence these айана can be applied to the 
problem of dislocation, 


4 
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8 8. 
(a) Parallel fissures. 
Let the cylinder be bounded by the circles a=a, and eda: 
(1) Let us assume * 
hx=— Аа sinh а Ba (cosh a—cos В) 
- +(А, cosh 9а+В, +0, sinh да) озб _ |. .. (9) 
The many-valued terms іп the displacements are given by 


A+2n АЙ sinh asin В 
~ 9u(X--u) cosh a—cos В 


А "ym Mk)R. AB(1—cosh а сов В) 
А+ р) cosh а--сов В, 


When 8—0, we have | 


u=0 and y=, 
When В--Әт, we have 





КЭ 
и=0 and y= 
Б pcr н) 


Thus v is continuous on the Barger B=0, but v decreases. suddenly 
by the amount - 


А+2р А, : \ 
BOR EY 5 5 


ав we cross it. There is therefore a dislocation due to removal of a 
slice of thickness 


А26 т 
BF р) 


along B=0 2.6.; the y-axis or any other line parallel to the y-axis. 
Calculating the stresses from (9).we have — 


«4. aa=A sinh* a—B sinh а cosh a+ A, cosh 24+ В, +C, sinh 2a | 
"sinh a cos B[B—2(A; sinh 24-+C, éosh 2а)) | (12) 
a.oB=—(cosh а—сов f)sin B[B—2(A, sinh 224+, cosh 2а)) 
If the boundaries aré free from stress, we have > 


* Jeffery, loc. cit. 
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е” | е” i К 
сала0 and об=0 when ала, -and when a=a,. 


Therefore 

B= sinh? a,—sinh*a, cosh(a, —a,) 1 
' sinh?a, -Fsinh!a, sinh(a,—a,) 

А, =-ЗА, sinh*a, —sinh?a, sinh(a, +a, ) 


sinh*a,+sinh?a, sinh(a, —a,) ` 


sinh*a,—sinh*a, | cosh(a, +а,) ... (12 
оа sinh*a ;sinh?e, ' sinh(a, —a,) ° Gn 


А Sinh?a,  Sinh2a, —sinh*a, sinh2a, 
+ “sinh?a, +sinh?a, 7 


совЬ (а, —а,) 
ніпҺ(а,--а,)” 


(2) For the second case let us consider the solution * 


hx Ao sin 8+ (A, sinh 22 B, cosh 2a) sin В . (18) 


The many-valued terms in the displacements are given by 








_ A25! AB(1—cosh а сов В) | 
TIA)  cosha—cos B 
97 (04) 
„= MEHR | Afsinhasimg | 
—  Sp(X-p) .cosha—cosg j | 
The discontinuities at a barrier are given by 
oa — A Op l—coshacos _ A+2p 
кши pO tr B) ia cosha—cos B (Аи) : 
М a (D) 


ы С ыс, А-да А. sinhasing _ M29 „ 
8097 ORB) 7 cosh a—cos B | вор)" 


* Jeflery;-loc, cit. 
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where 7 and m are-the ақаба бойдан af thé norinal to o.— constant. 
The component of the relative displacement parallel to the z-axis. 
zu, —us)—m(, —%) =0. 

while the component perpendicular to the. z-axis | 


= тии) Xo, -%) Е al 


ЗЕ eS тА. 
МА Ж). "E de ше 


s! И D ERE 2 Ы . UM 


The displacements, therefore, 6 a dislocation due to removal 


of a slice of thickness Ate тА along a- barrier parallel to’ the 
pO e) 
&-axi8. - 
Тһе stresses at any point are given by- Он i 


a. aa=—sinh a sin RATAA cosh 2a+B, sinh 2a)] ` PEN 
а. с a— cos a cos PLA+Q(A, cosh 2a .. (16) 
+B, йа, 


If the boundaries are free fiom €: we have 


~ т А n 
aa=0 and aß =0 when аша, ала when” аста. 


Then р 
| А234 cosh (a, +a.) 2-1 m 
— 27 


gosh (а,-а,)” ы 





(17) 
В.-2А sinh(o, + а.) Е ) 


cosh (а, —a,) 


(b) Wedge-shaped fissures.. 


Assume i in this case* 


bes —Aa к а Ba(cosh а a—cos B) 


ік cosh 2a+B,+C, sinh 2c) сов В .. (18) 


* 7 effery; loc, cit, 
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The шапу-уаіпей terms in the displaceniénbs are give by 
ЕУ MEA A В cosh и sin В 
EE cosh а— cos 8” B ele 
| up (19) 
pe AH 2p ^ sinh а бз В: | 
2n(A+p) cosh a—cos В J 


When £=0, we have 
u=0 and v=0, Қола NEU 


When jim, we have JL Wu dx 


= КЕТЕ ве... 
А u=0 and Oe ОЕ ТА еа А : 





The discontinuity Of v on the barrier В=0 is therefore 


A+2p cÁÀsihha— Г: 
#ХХ+ р) ` cosh ael =n, (вну). 








When Й--0, че have 





Therefore 


Yo- A-c2& тА 


Yo BAT) a 


This dislocation can be interpreted as a wedge-shaped fissure 
bounded by the planes 


- 


BTE) a ue 





gcc 


194 SUDDHODAN GHOSH 


The stresses are given by 


аласа — A(a—sinh асовһа)--В sirh а cosh а 
+A, cosh 2a-- B, -- C, sinh За 
---—^  sinhacosg[B—2(A,sinh2a--C,cosh 2a)] Г .. (21) 
вай = — (cosh a—cos f)sin В 
x [B—2(A, sinh2a--C, cosh 2a)] J 
T£ the boundaries ins free from stress, we have 
бас-0 and «й=0 when аста, and when аста). 
Therefore 
B=2k cosh (a, —2,) 
‚ А, =—Е sink (а, Ча,) 


С, =k cosh (а, +а,) 
В, =1А cosech (a, —a,)(sinh*a, --sinh*a,)7? .. (22) 
" x [sinh (a, +a,){a, cosh За, —a, cosh 2a, 


-Fisinh 2(а, —а,)} —2sinh e, sinh а, 
X (a, sinh 2o, —o, sinh а, У, J 
where 
k= —}A[(a, —2,) cosech (a, —a,)—cosh (a, +a, )] 
X (sinh?a, +sinh2a,)-?. 


I take this opportunity to express my thanks to Dr. N. R. Sen for 
constant guidance and help in course of the work. 
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Was ARYABHATA INDEBTED TO THE GREEKS FOR 
HIS ALPHABETIC SYSTEM OF EXPRESSING 
NUMBERS ? 


By 
SARADA -KANTA GANGULY. 


Ravenshaw College, Cuttack 


Aryabhata’s rule giving his alphabetic system of expressing numbers 
is as follows :— 


“ағаға asais яп Sat д: | 
«яя жга яа злой тате 11” 


Tt may be translated thus: 


Barga consonants from ж (onwards) [should be used] іп barga 
places (2.в., places corresponding оће бағда or square units 1, 103, 10*, 
Фо.) and abarga ‘consonants іп abarga places (ż.e., places corresponding 
to the abarga or non-square units 10,105,105, %о.). а (ya) [stands 
for] 30 (lit., 5 and 25). Vowels [ should be used | in eighteen places, 
nine | vowels | (with distinctly different sounds) in barga places as well 
as in the (corresponding) abarga places. [Those] nine | vowels] 
[ should be used] in higher places in a similar manner. 


In the above translation“ words within brackets[ J] have been 
introduced to complete sentences and words within brackets ( ) by 
way of explanation. The above translation differs from that given by 
the late Dr. Fleet (J. В. A. S., 1911, p.115). He writes: “The 
concluding words © navüntyavargé va” or * їп the square immediately 
following the niné ' that is “іп the tenth square place’ are enigmatical. 
They seem to indicate a ninteenth place (the number belonging 
to- which, the British trillion, would be square of the Vrinda No. 10) 
and nothing after it ” (25:4, p. 120). The alleged enigmatical nature 
of the words disappears when it is noticed that navantyavargé is nota 
single compound word (ятпазяче) but has been formed by joining the 
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words nava and antyavargé according to the rules of svarasandht (аач) 
or conjunction of vowels. Antya means ‘following’ or ' which comes 
after’ and varga means ‘a group of the same class? So the compound 
word antyavargé means “іп the following group of the same class,’ As 
a group of eighteen places has already been spoken of in the verse, the 
word antyavargé can only mean ‘in the following group of eighteen 
places.’ In Sanskrit the word ой (a1) is used іп the sense of ‘or’ as 
well as in the sense of ‘and.’ Here it cannot mean for’; it must have 
been used in the sense of ‘and.’ Тһе word vē has also the force of 
similarity (stem) (заатзуа). Hence the suggestion is that the number 
of places is unlimited and that nine vowels are to be used, as explained 
before, in each group of eighteen places. In Sanskrit rules brevity is 
secured by making them highly suggestive and not at all explicit. 
Explanations and implications are supplied by the teacher or the 
commentator. Fleet translates the second line of the above verse 
thus: “the nine vowels (are used) in the two nines of spaces гарах 
(and) not square, оқ іп the square immediately following the nine.’ 
How can nine vowels be used in ‘the square following the nine’ by 
which expression Fleet means the ninteenth place? Only one vowel is 
to be used in each place. This is sufficient to prove that Fleet's transla- 
tion is incorrect. 


It has been suggested* that Aryabhata’s system of expressing 
numbers has been derived from the alphabetic notation of the Greeks. 
The reason for the above suggestion.has been givent by the late Dr. 
Eleet in the following words: “ Knowing the Greek source of the 
greater part of the ‘astronomy eto., which we haye in the Aryabhatiya 
and subsequent worss, we naturally think of the possibility of a 
similar origin for this system of numeration.” Does the question of 
borrowing aj all arise in connection with the original matter which is 
included with admittedly borrowed matter in the work of a western 
savant? Is it not sometimes found that even distinguished European 
critics cannot view the writings of an ancient Indian scholar in the 
same spirit in which they consider the writings of western scholars? 
In giving his yalue of  Aryabhata has used, not the Greek myriad 
or any of its corrupted forms, but the word (aga) ayuta which is 
equivalent to the Greek myriad and has been in use in India at least, 
since the time of the Vedast ( 2.6, from ар the Greek da 


. Sudhakara Dyiyedi, бапайа Tarangini ene р.5; Kaye, J. 4.8. В., » (1907), 
р. 4i; Fleet, J. В. 4.8. (1911), p, 125. 
Е + J, R. 4. S. (1911). p. 195, 


1 


E Macdonell and Keith, Vedic Indes, Vol. I, рр. 842 and 843, 
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came into being). Yet it is asserted* that the way in which Arya- 
bhata has expressed his value of points indubitably to a Greek source 
on the alleged ground that the "Greeks alone of all peoples used the 
myriad as their unit of the second order. But has any European 
critic ever thought of the possibility of the Greek myriad having been 
borrowed from India and of Pythagoras's calling ten, hundred, ete., 
units of the second, third, etc., course after the Vedas which contain 
the earliest record of the use of. а strictly decimal system of numera- 
tion, the different units being 1, 10, and higher powers of 10 ? f The 
renowned German mathematician Euler inclnded both original and 
borrowed matter in his writings. When “he employed practically 
the same method of solution "1 of the so-called Pellian equation as was 
given some centuries’ before .by the Hindu mathematicians, did any 
one naturally think of the possibility of Euler's indebtedness to India 
for the solution? Onthe contrary, an attempt has been made § to 
belittle the importance of the equation in order to prove that the 
Hindus achieved nothing of importance in the feld of mathematics. 
It is outof place here to multiply such examples of which there are 
many. We are all seeking truth and our ‘only business is to give 
neither credit nor discredit but to sift evidence carefully and honestly 
and present the truth, whole truth, and nothing but the truth. If we 
are indebted toothers, we need not feel ashamed to acknowledge our 
debt and express our gratitude. ‘Hindu S'&stras look upon ingratitude 
with abhorrence. Let us, therefore, begin with ап open mind, Let 
no consideration of race or clime deter us from pursuing the path of 
truth. Let us not forma conclusion beforehand and then tr: to find 
evidence in its support We must not, therefore, begin by supposing 
that Aryabhata was indebted to any foreign source for his alphabetic 
system of expressing numbers, | 
: For the purposes of examination of eyidence to trace the sotirce of 
Hindu mathematics, Mr. Kaye postulates || three criteria for reference. 
The third criterion has been formulated thus: “ Priority of state- 
ment of в proposition does not necessarily imply its discovery” 1 Pre- 
ы usc alone cf Wi ЭБЫЕБЫНО notation БУ the Greeks should not, 
therefore, lead ug to trace Aryabhata’s alphabetic system to a Greek 
source. Even if all of чаран writings чарчы this rule were 


Heath, History of Greek Mathematics, Vol. I, p. 284. 
Yajüruedo, Chapter XVII. Mantra 2. 

Kaye, J. В. А. S., (1910), p. 752, 

Ibid, р. 754, 

| Ibid. р. 750. 


wm ++ -+ * 
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'definitely known to have been based on foreign sources, we would not 
be justified, on tha& ground alone, in holding that this rule was also 
borrowed from a foreign source. This single rule might be Aryabhata’s 
own. Ifthe second verse о: the Gapitapada (7.6. Chapter II) of the 
Aryabhatiya be read with the corresponding verses of Mahavira and 
Bhüskara, it will be seen that it contains an exposition of the modern 
place-value decimal notation.* Мо one has hitherto claimed that the 
modern place-value notation was known to the Greeks or to any other 
non-Hindu people before the sixth century.f It cannot, therefore, be 
said that Aryabhata’s rule explaining the modern notation was borrow- 
ed from the Greeks, “ knowing the Greek source of the greater part of 
the astronomy etc., we have in the Aryabhatiya and subsequent works. 
If we cannot trace this rule to a Greek or foreign source, why should 
we ‘begin by supposing the Greek origin of Aryabhata’s alphabetic 
system P We should wait and see the result of applying the other two 

criteria. 


The second criterion runs thus: 4 While mathematical systems of 
independent growth will naturally have many points of similarity, yet 
differences are certain to oceur; it is, indeed, impossible for’ two 
systems to grow up independently in exactly the same manner.” 


Now, the only point of similarity between the Greek and Arya- 
bhatian alphabetic systems is that the first nine letters of the alphabet 
denote the first nine numbers in each case. Aryabhata’s system differs 
from the Greek system in every other particular. The principal points 
of difference may be stated as follows : 


К This fact has во Ғаг escaped the notice of distinguished Oriental scholars 


owing to their attention having been too much attracted by Aryabhata's alphabetic 
system. Accordingly Mr. Kaye has been inconsistent in translating Aryabhate’s 
verse giving the modern notation. Fleet perceived this inconsistency and tried to 
be consistent. But in doing so he has mistranslated the principle sthanat sthānam 
daéagunam вуйі. 

+ Mr, Kaye writes that Tamblichus (4th century) “had jesfesily clear ideas 
on the value of position” and gives the following example in his support : 

“If the digits of any three be added together. and the digits of their sum be 
added together, and во оп. the final sum is six.” (J. A. S. B., 1907, p. 498). 

Mr. Kaye attributes “this examp e to- Jamblichus and cites as reference Gow's 
- History of Greek Mathematics. Bua comparison of Мг, Kaye's statement of the 
example with the statements of Gow (page 98) and Heath (History of Greek 
Mathematics, Vol. I, pp. 114 and 115; will show (2) that Mr. Kaye is not justified in 
putting the example inthe above form which seems to support his.conclusion and 
(4) that other peoples who regarded numbers as being made up of a certain number 
of units, a certain number of tens, a certain nnmber of hundreds, ete., had equally 
“ clear" (Р) ideas on the value of position. 


- 
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(а) In the Greek system the second group of nine letters denoted 
the first nine multiples of ten and the third group of nine letters the 
first nine multiples of hundred. To express multiples of higher powers 
of ten, strokes or dots were used. Each stroke or dot indicated 
multiplication by 1,000. Fleet. says* that Aryabhata’s system is 
certainly not an adaptation of this system of the Greeks, but that 
Aryabhata derived his inspiration from another Greek system of 
expressing large numbers in which myriads used to be expressed by 
means of fio letter-numerals, viz, ($) a symbol M for a myriad and 
(ii) the already adopted symbol for the number indicating the multiple. 
In Indian Kharosthi and later Brahmi notations hundreds used to be 
expressed in this way. But in Aryabhata’s system each multiple of a 
power of ten was denoted by a single consonant-numeral combined with 
a vowel-sign. Fleet is right in holdingt that in Aryabhata’s scheme 
the vowels had no numerical values in themselves but. marked the 
places to which the consonants, etc. were to be referred. If they had 
any numerical value, they could be used to express component parts 
of a number where no confusion was likely to arise. For example, zx 
could be used to denote 170. But vowels as such were never used by 
Aryabhata; and vowel-signs cannot stand by themselves. So when 
Fleet considers] that, like the alleged§ Greek forms ВМ, yM, ôM, яң, 4, 
8, denote respectively 10000 x 2,, 10000 x3, 10000x4, he falls into a 
serious error. Whence does he get two numerical symbols? His 
explanation is far from satisfactory. He simply contradicts himself, 
For he writes: “But neither have, the consonants, etc. nor have the 
vowels any numerical yalue in themselves ; it is only by the combina- 
tion of them into syllables that values are arrived at.”|| Ніз transli- 
terationf| of a, 2, y into КАО, gU, ghU which bear resemblance to the 
alleged Greek forms @M, yM, 8M, is probably responsible for this 
error. It is owing to the possibility of this kind of error resulting 
from transliteration or transcription that Mr. Kaye is not prepared 
to place any reliance on evidence іп manuscripts.** Fleet is not, 


* J. R, А, S. (1911), p. 126. 

T Ibid, p. 118. 

t Ibid, p. 126. 

8 Gow says (Hist. of Greek Mathematics, p. 42, foot-note 2) that, if M followed 
B, 7,5, eto, ib was often omitted and а dot substituted. Heath says (Hist. of Greek 
Mathematics, Vol. I, рр. 39 & 40) that В, "y, $, etc. were, written either over or after M, 

|| J. R. A. 8. (1911), p. 118. 

Т tbid, p. 126. 2 
** J, A. 8. B. (1907), 
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therefore, jnitified i in hólding* that the idea béhind thé allé ged- (Бек 
notations BM; yM, 8M, біс. also underliés the whole of Aryabhata's 
system. If it be dastimed for the sake of argument that like BM; 

yM, etc, КЕ, gU, eto. stood far 10000 x 2; 10000 x 3, eto.; 18 it necessary 
tö go to thé Greeks for the source of Aryabhata’s inspiration? № 
could easily come from the already existing Indian way of éxpressing* 
numbers in words,- which has ever been оп the decimal. 'Benlé:- 
8848, athe ages (two ayutas, three ayutas), etc. could éasily suggest 
those notations. Unlike thé Greek notations, Indian notations before 
Aryalihata expressed numbers as they were spoken. 


(b) As has been already stated, Aryabhata's vowel-signs are not 
numerical symbols but indicaté places which the consonant-numerali 
occupy. Hence Aryabliata € expresses numbers by means of consonant- 
numerals ard as many place-:ndicating vowel-signs. But the Greek 
system exclusively employs letter numerals only. Place- -indicating 
signs are conspicuous by absence in the Greek system. 


(c) Unlike the Greek system and the old and modern Indian 
systemst of notation and the Indian way of speaking numbers, 
Áryabhats's system (č) recognises component parts of a number, 
which are higher multiples than the ninth of even powers of ten, 
(8) makes no provision for expréssing , the first twot multiples of 
the odd powers of ten as such, апа” (24) admits of a number being 
expressed in more ways than one. For example, ( (i) fa (mi) stands 
for twenty-five hundreds ; (25). two thousands cannot be expressed 
as such ; it should-be regarded as twenty hundreds before ` it can be 
expressed. by f (ni); зяпа т forty-five can be expressed ‘by wa, ча, 
qm, qu, or xs. : ЖЫ uec : 

(d) The Greek alphabeti systein was àn arithmetical “notation 
i.e. was used іп perforniing ‘arithmetical ` operations. But Aryabhata’s 
system was not so. Аз an arithmetical notation it has. many and 
grave defects апа is; therefore; useless. Hence it has not. been given 
any place in the arithmetical partion of the Aryabhatiya, Arithmetical 


# J. В, А. 8. (1911), р. 126. 
+ These systems do not include the so-called *word.symbol notátíon' whicli is 


not notation at all but ‘which gives himbers -expressed іп the moddein notation -by 
stating the digilà- (ойе of two at а time) beginning with the units’ placé. ! 

$ Advording 55 Atydbhate’s scheme еге are no jetiér-numerais for 1 and 2 
to ocoupy abarga places, Ib will be seen from what folloivs that for the figures 
3, 4, 5, oto. пр to 10 there are two sets of lebter-numerals—one set for barga pldces 


and the other for abarga places, 
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'operatious could’ Бе moré eásily and rapidly performed with the 
previous Indian notations.* The only merit of Aryabhata’s system 
is itf conciseness arid it has been devised chiefly to secure brevity of 
the rules composed in verse. 

Thus, Mr. Kaye’s second criterion, instead of proving the Greek 
origin of Aryabhata’s alphabetic system, points to its independent 
growth. i 

Mr. Kaye states his first criterion as follows: “The evolution of 
mathematical ideas cannot proceed pèr saltum but must proceed іп an 
orderly. manner." - Let.us, therefore, see if Aryabhata’s alphabetic 
system can be shewn to have had.an orderly growth in India. 

.. Aryabhata had undoubtedly been a student of Sanskrit grammar 
and--metrics. In Sanskrit grammar -single letters are used for two 
different purposes, viz, (2). ав.:а suffix (паа, e.g., «i, Z, eto.) and (%) 
as a ЧТ or name for something to which frequent reference has to be 
made (eg. 8» fa, fe, eto.) In Pihgala's manual of metrics single 
consonants (e.g., м, 8, st, etc.) have been used for the second purpose. 
То be included in metrical composition numbers; must, of necessity, 
be expressed by word-numerals or letter-numerals. The study of 
Sanskrit grammar and metrics seems to have led the mathematical 
genius of Aryabhata to use letters of the Devanagari alphabet for the 
sake of brevity, as it afterwards led the -well-known grammarian 
Bopadeva to use these letters in shortening the Sanskrit grammar. 
The vowels were not suitable fer-this purpose as they often disappear 
and merge into: unrecognisable forms owing to conjunction (afm) 
which is an essential feature of Sanskrit, Aryabhata had, therefore, 
no other alternative than to use consonants to express numbers, The 
modern place-value notation was known to Aryabhata who classified 
the places as barga and abarga. -Most probably phonetic resemblance 
was responsible for the rule “ barga consonants should be placed in 
бағда places and abarga consonauts in abarga places.” То indicate 
the barg or abarga place occupied by a consonant nothing could be 
more convenient than a vowel-sign. Hence vowelesigns have been 
used as place-indicators. Aryabhata names the first ten places (ekam, 
dasa, eto. up to vrindam) only. The first ten vowels were perhaps 
intended to indicate these places. Неге some difficulty -presented 
itself. Of the first two vowels 4, sr, the second isa long ч, The 
vowels of each of thé remaining four pairs-have similar sounds, the 
first vowel being short and the second long. In books on Sanskrit 


* Vide Sir Richard Temple's article on the Burmese system of arithmetic in the 
Indian Antiquary, Vol. XX, рр. 58-69, 
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:grammar the vowels constituting each of the five pairs are-called 
.equal (art) vowels. Hence Aryabhata seems to have overlooked 
„tho distinction between long and short vowels and made the rule that : 


q (or ar) should indicate the places of the units ... 10°, 10'; 


$ (or. 3) e is без .. 107,108; 
w(ow) о о As "T ... 105,105; 
sw (or я) оозе бей T ... 104,107; 
= (or a) өе n i MT. se 108, 10° : 


"Thus, each of the five vowels, 4, 3, 3, =, %, long or short, was assigned 
to a barga place and the next higher abarga place. This could not 
result in confusion, as barga places were to be occupied by barga 
‘consonants only and abarga places by abarga consonants only.: "Then 
by the principle of anology-—-& principle which is responsible for 
two’ serious mistakes * made by Aryabhata—he also assigned the 
remaining four vowels ч, @, st, at (which have distinctly. different 
sounds), each to two consecutive places: -Hencé the rule “ vowels 
Should be placed in eighteen places, nine vowels in barga places and 
the same nine vowels in abarga places.” Аз, by his rule, sanda 
denote the first and the second multiple of 10, he used q, x, Фе. up to 
= for the 83rd, 4th, &c...up to the 10th multiple of 10. 1+ should be 
noted here that only when the consonants 4, €, w, 8, 60. are each 
associated with the vowel =, they denote 30, 40, 50, 60, &c. Otherwise 
they stand for the numbers 3, 4, 5, 6, &c.—up to 10. Thus, fy means 
a, (or 3) put in the thousands’ place (the abarga place assigned to $). 
Tf я stood for 30, fa would denote 30 tens or 300. Fleet is not right 
in holding that in Aryabhata’s scheme consonants have no numerical 
value in themselves. The metre shows that this reading is correct. 
If he were right, = in the rule “ eat a” could not stand for 5.1 . t 

It will thus be seen that Arya bhate’s alphabetic scheme had an 
orderly growth in India. 

As a result of the application of the three tests laid down by Mr 
Kaye, we are forced to the conclusion that Aryabhata is not indebted 
to а foreign source for his alphabetic system of expressing numbers. 


* Aryabhata’s rules for the volumes of a tetrahedron and a sphere, 
(Vide J. В. А. 8., 1911, page 118). 
_ '* For this interpretation I am indebted to Dr, Bibhutibhusan Datta. 


i ' Bull. Cal. Math. Soc., Vol XVII, No. 4. 
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LzsBEscuESCHE INTEGRALE UND FounrERSOHE REIHEN 


Von L. Schlesinger Ord, Professor an der Universitit Giessen und А. Plessner, | 
Dr. Phil. ПТ Und 229 В. Walter de Gruyter & Co.. Berlin 
und Leipzig, 1926 


This book by Professor Schlesinger and Dr. Plessner on 
Lebesgue's Integral and Fourier’s series is one of the many useful 
mathematical books which post-war Germany has produced, As is 
well-known, the notion of an integral for certain elementary functions 
was in a sense known to Fermat, Bhaskara, and even Archimedes who 
gave the surface and volume of a sphere in terms of its radius. The 
notion was generalized by Leibnitz and Cauchy to cover every conti- 
nuous function and was further generalized by Riemann to apply to 
a certain class of functions having infinite numbers-of points of dis- 
continuity. The notion of Lebesgue is the most general possible 
notion - compatible with use in Geometry and Physics.  Lebesgue's 
notion is applicable even to certaif totally discontinuous functiorfs, 2.6., 
functions which are nowhere continuous. 

Before proceeding with an analysis of the contents of the book, 
it is desirable to elucidate by means of simple examples the notions 
of Cauchy, Riemann and Lebesgue. It should be clear that every 
- bounded function which is integrable according to Riemann is also 
integrable according to Lebesgue, although the converse is not true. 
For, take a function. f(s) which is defined for every value of « in the 
interval (0, 1) and which equals 1 for the points of the aggregate M, 
of rational numbers and equals 2 for the points of the aggregate M, 
of irrational numbers. The points of discontinuity of Қа) have a 
measure 1 and therefore f(z) has no integral according to Riemann. 
But according to Lebesgue’s notion, 


К f feoas- | Қазақ | Қауға 
о M, M, 


-1.measure of М, +2. measure of M,. 


Now the measure of M, is zero and that of M, is 1. Therefore 


J "fada 8. 
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But an unbounded function may be integrable according to Cauchy 
and still not integrable according to Lebesgue. For, take f(s) to 
represent 


27 sin = 
g? 


for «40 and to equal 0 for 2-0. Then the function fü) i is integ- 
rable in the interval (0, 5) according to Cauchy’ s notion, 


J f'(x) йв being w? sin A 
. о - " 
bit is not integrable according to Lebesgue’s notion. In fact 
< o 1 72 1° 
f(z) -2rsin -,—7 cos =, for «4-0, 
f'(0)=0. 
“Now 2c sin + is bounded and has a Lebesgue integral but 
a - 2 

E cos 2, which for convenience may be denoted by g(#), has no 
x ony а A o 


integral. For, if it had so would |g | have'an integral. But, taking 
a, to represent . | 
| 4 
(Or) 
and b> 0, we have for р > 0, 


b. b А Aai = 
f 191 = а EX! ‘|g | de- 


0 20, lpm 


which is impossible ; for, tha &erien on the right is divergent, since - 


а, бет Gisa 


/ | g | dox i gds = Ы T 1s 
а, “-а, а, 
" а, - 2 4 - 
1 1 dæ = 2 
> (ndi) | er g5 7“ (2n- 1) 
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^ 


is divergent. 


The book, which ‘is ‘based on the: Етек delivered Бу Professor 
Sclilesinger at the Giessen University, ‘contains six “chapters : with the 
headings : Fundamental. notions of ‘the theory. ‘of aggrégátes, the 
measures of point- aggregates, ` on functions of real variables, , the 
Lebesgue's integral, а of oné and iui two variables, Fourior's 
series. 


Probably the most suggestive results are contained in the ‘fifth 
chapter which has articles headed : : integral, interval- function, _poinț- 
function of a variable; % - interval-functions of bounded value-sums; ; 
properties of monotone point-funations ; thé dérivatives of a continuous 
function, a covering theorem; the derivatives of a continuons interval. 
function of bounded value-sums, singular and totally. continuous part ; 

‘ resolution of an interval-funotion ‘and of its total sums ; two- -examples ; ; 
determination’ of an interval- function Әу; means ‘of its, derivatives ; the д 
primitive function and the indefinite integral ; "the theorem of Fubini; ; 
functions of two variables, the double integral; the double integral as 


point-function, derivation. | i lu ке - 


The article on the primitive function ud the indefinite integral 
contains a clear account of possible cases. In general these cases are 
four and may be enumerated as follows: -. ... А 

А measurable function of one variable has 


(1) an ‘indefinite integral as well ав primitive тапсыра, 
(2) an indefinite integral but по primitive function, 
.. 3) а primitive function but no indefixite integral,” : 
or (4) neither.an indefinite integral. nor. a -primitive function, 
Every, measurable _ and Pounded авер comes under Case (1), the 


fonction A WES EUM LN Qe ux 


E Her is 2): ES 
is an example of Case (3), ils басе а) for x interval including 
0 is an example of Case (4), and Case (2) has been illustrated by a 
rather complicated example which need.not be reproduced here, .. .. 

If a function f possesses a primitive function, then*the Lebesgue's 
integral of f furnishes the primitive function provided that 7, 
leaving aside an aggregate of measure zero, is bounded or bounded 


on one side. If, on the contrary, f is unbounded on both sides 
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on an aggregate of measure greater than zero, then the primitive 
function can be represented by the Lebesgue’s integral only then when 
f satisfies the conditions of integrability. | 

The last chapter contains some applications of Lebesgue’s 


‚ integral to the theory of Fourier's series. The seven articles of this 


chapter are headed as follows: some integral theorems; the Eulerian 
formulae, the theorem of Riemann and Lebesgue;. convergence of 
Fourier’s series ; the convergence criterion of Lebesgue; the summation 
methods of Lebesgue and Fej'er; functions which are integrable along 
with their squares; the theorems of Parseval and that of Riess and 
Fischer. . ; | | | f 

А very interesting form of the ‘convergence criterion is given 
in the fourth of the seven articles mentioned above. If 


plt) denote 3{*(#+t)+f(«e—t)} 


then the convergence of the Fourier’s series corresponding to f(2) is 
assured provided that in addition to the continuity of f(x) the following 
condition is satisfied: for every quantity y > 0 two positive quan- 
tities 8 and e, сап be so chosen that, for e< «,, 


8 
| TORTIE 
x ui DP EN AUN 
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Another interesting application of  Lebesgue's notion is the 
well-known theorem: The Fourier's series corresponding to an. integ- 
rable function Қа) is almost everywhere summable according to 
Cesaro to f(e). - 

By bringing out his lectures in the form of a book, Professor 
Schlesinger has placed the lovers of Higher Mathematics under as 
great an obligation as they were under by his giving them the famous 
treatise on the theory of linear differential equations. It is to be hoped 
that English knowing mathematicians will soon havean English tran- 
slation which will make the conten. of the book accessible to Indian 
beginners in the study of the theort pf functions of real variables. 


GANESH PRASAD 


Bull. Cal. Math. Soc., Vol XVII, No. 4. 


